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THE ELECTRON MECHANICS OF INDUCTION ACCELERATION. 


BY 
JAN A. RAJCHMAN and WILLIAM H. CHERRY, 


RCA Laboratories Division, Princeton, New Jersey. 
PART II. 
BETATRON WITH AN ADDITIONAL ELECTRIC FIELD. 


The injection of electrons from a cylindrical cathode coaxial with 
the magnetic field with the help of an additional radial electric field has 
tempted many investigators. A priori, it seems that large space charge 
could be captured by this means since electrons are injected in initially 
intense fields, a condition which is known to yield large rotating charges 
in magnetrons. In addition, the problems of an assymetrically located 
gun are eliminated. The following analysis shows the requirements in 
the variations of the fields necessary to obtain equilibrium and stability. 
These turn out to be more complex and to have narrower tolerances than 
in the case of a purely magnetic betatron. It is shown also that no 
substantial gain in space charge can actually be realized. 

The analysis is restricted to a toroidal region whose radial and 
axial limits are small compared to the average radius and also, to non- 
relativistic speeds. It is convenient to use a power expansion of the 
total potential of forces Vi = Varo — Ve around a position z = 0 and 
yr =r,,orx = Owhenr — 7, is abbreviated by x, where r, is the asymp- 
totic equilibrium orbit of the purely magnetic instrument with syn- 
chronous field variation defined by equation (23). 

The expansion, limited to cubic terms: 


- y ad t aa V; 07V, 
V. = V,(0, 0) +x ——— 4 Igt—— 
t( ) + x = 4 ax? 2 as? 
1 0 V, Saere 08 , = 
it th Saget, (82 
oa tO axdst’ 


__(Note—The Franklin Institute is not responsible for the statements and opinions advanced by contributors in 
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where the derivatives are understood to be for x = z = 0, has no terms 
with odd powers of z because of the assumed symmetry about the z = () 
plane. It is convenient also to break up this expansion into separate 
ones for Vivo and Vz and to introduce for the former two new symbols, 
B, and B,, defined as follows: 


B. = B,(r., 9, t), (53 


1 re ro mo, 
B= — B, rdr — B,rdr + — robo 
r.* 0 z=0 0 3 =20 é 
t=fo 


> ‘8 
=— B,rdr+—- (54) 
Pe 0 z=0 Pd 
It is seen that B, is the magnetic field at the main equilibrium orbit 
and B, is proportional to the angular momentum of the electrons at the 
position r = r,and z = 0 and is also equal to $27.2 times the flux linking 
the circle r = r., = 0, at any time, plus a constant which depends on 
the initial configuration of the magnetic field within the initial circle 
Y = 9, Z = Z) as well as the initial position and angular momentum of 
the electron. 
The expansion of Varo, expressed in terms of B, and B, with the rela- 
tion between the spacial derivatives of B taken into account, takes the 
form: 


Var s = 


~ 


1 2B? +x—rBB. — By] 
Mo 


Mo 


+ 4x2 — [B2 + 3B — (3 + n)B.By] + 42? — nB.B, 
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Mo 
+ 3x3 a (—(3 + 3m)B2 — 12B,+ (12 +4n + n.)B.B,] (55 
0’ e 
a | 
+ 3x2? —— = 12)B.Bg |, 
—— [nB (n + n2)B.B, | 


r OB, | r? 0B, | 5¢ 
= — —— 2, = ——— 56 
or r=fe B, or’ r=" 


z=0 s=0 


If the magnetic field varies synchronously in the region of validity o! 
the expansion, m and m, are constants and the coefficients of the ex- 
pansion are second order polynomials of the two variables B, and B, 
These variables must be particular functions of time for particula: 
modes of operation. To analyze all possible modes, it is convenient 
to assume at first that B, and B, vary independently and later to con- 
sider the effect of their actual functional dependence. The assumption 
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that B, and B, are arbitrary functions of time requires that the flux 
linking the circle r = r, and z = 0 and the field at that circle be con- 
trolled independently, and implies that the flux exterior to and linking 
the toroid is independent of the field within the toroid since some of the 
flux linking 7, is controlled by B,. A large degree of independent con- 
trol was actually obtained in an experimental double yoke magnetic 
circuit. 

The analysis of the variation of the potential functions V; is greatly 
facilitated by a diagram having B, as abscissa, B, as ordinate and 
showing curves for which the values of the coefficients of the expansions 
Vi, Varo or Vg remain constant. Fig. 3 is such a diagram for a par- 
ticular choice of geometrical parameters. The lines of constant co- 
efficients of Vio are conic sections and each coefficient is represented 
by a family of concentric and homothetic conics. For example, the 
lines of constant 0Vy0/dx are hyperbolas whose asymptotes are the B, 
axis and the 45° line B, = B,. The asymptotes themselves are lines 
of @Vao/dx = 0 and they divide the B,—B, plane into positive and 
negative regions of 0V40/dx. 

In the expansion of the electrostatic potential Vz, the coefficients 
are related by Laplace’s equation, assuming the space charge to be 
negligible. Assuming also the spatial distribution of the electrostatic 
potential to remain similar to itself as the potential varies in time, that 
is, a synchronous variation of the electrostatic field, the ratios of 0°Vx/ 
dx? and 0?Vz/dz? to dVz/dx remain constant, and it is possible to express 
them in terms of a numerical factor k: 


Ve koa Ve ” 0? Ve k + 1d Ve ( 57) 
—_— = —-—_ an —$ = —— ——— —: 5/ 
0z* Yr, Ox Ox? my, ; 
The expansion of Vz limited to cubic terms is therefore: 
OVe k+10Vz kROVx 
V5 CD OS — a ee 
Ox i Oe r, Ox 
OVE 08 Ve 
3x? —— 3x2? -- (58 
+ op + age |S) 


The conditions (17) for stable equilibrium, or the existence of a 
minimum of the function Vi; = [Va — Vz], can now be conveniently 
analyzed. In general, the capture of charge can occur as long as the 
minimum is within the toroidal region but we will consider at first only 
the case of electrons whose equilibrium orbit is always in the center of 
the toroidal region x = 0, z = 0, and later compare other captured 
electrons to these ‘‘normal”’ electrons. The first order condition (17a) 
requires that at all times: 


OV uo ie OVe " — r.BaB. — By]. (59) 
0 


Ox Ox 
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The lines of constant 0Vy0/dx, identical with 0Vz/dx, on the focusing 
diagram show what value of electric field must be applied for a given 
magnetic field B,., and a given equivalent change of flux B, in order to 
balance the electric, Lorentz and centrifugal forces at every instant. 

Consider the location of the representative point on the B,—3. 
diagram for the instant of emission. (69 is zero, neglecting the thermal 
velocities of emission.) The value of B, can be expressed approximate! 
in terms of B, by expanding the integrals of equation (54) : 


B, = sB, 
Xo 1 — n Xo 2 nN Xo 3 n ( Zo ) Yo | 
ef ee eee ee a ae oe ee oe (60) 
i 8 2 (=) *(®) 2X%-F Vs me a 


The constant s is hence approximately equal to —(xo/r.), Xo being the 
initial value of x. The representative point at the emission time is 
therefore on the B, = sB, line shown on the figure for two values o! 
s = + 1/16. Subsequent to emission, the value of B, will increase in 
an actual induction accelerator since the kinetic energy is an increasing 
monotonic function of B,. No matter how B, is related to the increase 
of B,, eventually the operating point (B,, B.) must end on or near the 
asymptote B, = B, for otherwise the values of dVzg/dx would have to 
become unpractically large to balance the magnetic and inertial forces 
which increase rapidly with speed. Therefore, the focusing problem 
consists essentially in analyzing the conditions at points between the 
lines B, = sB, and B, = B, and on the line B, = B, itself. It is 
interesting to observe that these limiting lines are representative of the 
field conditions in a static magnetron and a purely magnetic betatron 
respectively. The electric field at the emission time 
OVe | é 


kf} = —7,s(1 — s)B,0?, 
Ox | t=to mo 


where B,» is the value of B, at ft = to, is approximately the value of th: 
cut-off electric field of the magnetron, while on the line B, = B,, the 
electric field is zero, the characteristic of a conventional purely mag- 
netic betatron. The betatron with radial injection by an auxiliary 
electric field operates toward the end of the acceleration cycle, as a 
purely magnetic instrument. Thus, it may be considered as the super- 
position on a magnetic betatron with its main sinusoidal power source 
and synchronously varying magnetic field of auxiliary means to alter 
the field and flux by the incremental values B,. and B,. necessary to 
obtain equilibrium in combination with the electric field. 

Consider now the conditions imposed on the variations of the mag- 
netic and electric fields by the second order conditions (17b and c) for 
the existence of a potential minimum at x = z = 0. Since the values o! 
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#°Vz/dx? and 02V,/dz? are proportional*’to éVre/dx, equations (57), they 
can be expressed in terms of B, and B, if it is assumed that the electric 
field 0Vx/0x is actually adjusted at every instant in accordance with 
the first order minimum condition (59). The second derivatives of V, 
are thus: 

eV, a rok V wo 0 Ve 


Ox? Ox? Ox? 


= Be + 3B Se ~ (3:-+ 9) BB, + (b+ 1B MB. — B)], (62) 


My 


OV, OV wo Vy, 


= —[nB,B, —kB(B,—B.)]. (63) 


02? 02? 02? My 


The lines of constant curvatures 6?V,/dx? and 0?V,/dz* are conic 
sections depending on the parameters n and k characteristic of the geo- 
metrical configurations of the magnetic and electric fields. In order 
for these curvatures to be positive as the operating point moves from 
the line B, = sB, to and on the line B, = B,, these parameters must 
have appropriate values. The value of » must satisfy the relation, 
0 <m< 1, as in condition (22), of the limiting magnetic betatron. 
This can be seen by making B, = B, in equations 62 and 63. 

The permissible limits of k can be found by considering at first the 
lines of constant 0°V,/dz? which form a family of concentric and homo- 
thetic hyperbolas whose asymptotes, or lines of zero value, are the 
lines B, = 0 and B, = B.(1 — n/k). Obviously, the operating line 
must not cross the asymptotes, so that for the starting point (Bo, B.o) 
on the line B, = sB,., Byo must be positive or sB,5 > 0. This means 
that the initial magnetic field must be positive with an internal cathode 
(s > 0) and negative for an external cathode (s < 0) as illustrated on 
the focusing diagram. In order for the asymptote B, = B,(1 — n/k) 
to be outside of the operating angle, it iseasy to show that k < (n/1 — s) 
fors > Oand k > (n/1 — s) fors < 0. 

The lines of constant 6?V,/dx? are ellipses if the discriminant of the 
polynomial in B, and B, is negative, a condition occurring when: 


NE CRS EINE aw: (64) 


If k lies outside of the limits of this inequality the equivalue lines 
0°V,/dx? are hyperbolas and there are points in the B,, B, plane for 
which 02V,/dx2 < 0. It can be shown that, if 0< <1 and the 
inequalities required by 0?V,/dz? > 0 are satisfied, some of these nega- 
tive points are necessarily in the operating angle, so that inequalities 
(64) must be satisfied. 

The focusing conditions in the radial and axial directions within 
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the operating ranges are therefore : 


<a < I, 


a n ee ; 
n—-2vVi-n<k< 7. for internal cathode s > 0, 
— = 


, “ : <k<n+2.V1-—n for external cathode s < 0. 

The parameters used in drawing the diagram of Fig. 3 are those ot 
an experiment performed by the authors. The magnetic field was s 
adjusted that the measured values were r, = 1.6, n = .565 and n,. = () 
The two cylindrical electrodes both carried electron emissive areas so 
that either could be made the cathode. (x) = +.1”, making 
s = # 7.) See Fig. 6. <A definite curvature of electric field was ob- 
tained by adjusting the potential of the end shields or ‘‘hats.”” Meas. 
urements in an electrolytic tank of a scale model showed that when the 
hats were connected to the cathode k = — .6 for an internal cathod 
and k = 1.15 for an external cathode. These values of s, k and n 
satisfy the inequalities (65). 

With the help of the focusing diagram, feasible modes of operation 
can be predicted by considering what variations of magnetic field in- 
crement B,,, flux increment B,, and electric field 0Vz/dx produce focus- 
ing and among them, which are most easily obtained in practice. 
Linear variations of the flux B, and field B, are particularly simple i! 
the corresponding lines in the diagram are parallel to the asymptotes 
of the equivalues of 0V.y4»/dx because the required variation of 0Vx/0x 
is then also linearly related to the field or flux. For short enough phase 
angles of a sinusoidal drive, these variations are also linear with respect 
to time. Two such operating lines have been shown on the focusing 
diagram, one for an internal and the other for an external cathode, and 
the corresponding time variations in Fig. 4. It can be observed in the 
case of an internal cathode, that B, takes two different values for some 
values of B, so that B, must necessarily be non-monotonic and conse- 
quently both field and flux must be controlled by the increments #,. 
and B,.. On the other hand, control of the flux alone is sufficient with 
an external cathode. In this case, at the emission time, the magnetic 
field is negative and therefore defocusing in the axial direction. The 
electric field overcompensates that effect and is also responsible for 
giving stability to the electron orbits at the instant when there is no 
magnetic field at all. This shows, incidentally, that the B, axis illus- 
trates the conditions of a purely electrostatic system. 

The focusing diagram showing the conditions for a minimum at 
x = s = 0 is convenient for finding further conditions for capturing 
the charge. It is evident that a finite range of electron emission times 
must be considered, for infinite current densities would be necessary 1! 
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all the emission were to occur at one particular instant. For every 
emission time there is a different potential function Vw» because the 
constant C involving the initial flux is different. Since the electro- 
static potential Vz is necessarily the same for all electrons, the minima 
of Vi = Vauo — Ve, if existing, will be, in general, at different instan- 
taneous positions x; and have different curvatures 6°V,/dx? and 6?V, 

dz? for each electron. The electrons will be captured for such shifts of 
instantaneous orbits x; and such changes in the depth of the potential 
trough which will effectively prevent them from hitting the bounding 
electrodes. It is obvious that the initial position x; of the instan- 


5 Ve oo 

& X \ @ 
RY 
\ 2 

ee 
so) 
3 
ay EXTERNAL 
Bqc \f CATHODE 
TIME — 
(Bec=0) ‘a 


enitiat FINAL 
CONTROL CONTROL 
TIME TIME 


Beano Bq 


Fic. 4. Time variation of the magnetic field, magnetic flux and electric field. 


taneous equilibrium orbit x;, must be closer to the cathode than the 
anode ; 
X io ; 
0< —< 1. (66) 
Xo 
furthermore, if at no time the orbit is closer to the cathode or anode 
than it was originally to the cathode, or 
|x| < lxsol, (67) 


capture will be insured as long as 0?V;/dx? and 0?V,/dz? remain no 
smaller than their initial values. 

We shall restrict the analysis to the case, described above, of linear 
held variations providing an equilibrium at x = 0 for so-called normal 
electrons for which the variables By, = Ban, B, and dVz/dx satisfy 
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equation (59) and B,, is given on the successive segments of the oper. 


ating line by: 
Ban = B. — (1 — 5)Beon, Ben = constant, B,, = B., 68 


while dV,./dx can be expressed on the first of these by: 
: e 
——— = —7.(1 — s)Beov(B. — (1 — s)Beon), 69 
Mo 


where B,oy is the initial value, B,o, of B, at the emission time of th 
normal electron. The potential Vivo of other electrons finding them. 
selves in the same magnetic field will depend on B, and a value B 
differing from B,, by a constant amount AB, characteristic of th 
emission time. The position of the minimum of the potential |’ 
= Varo — Ve will be at a position x; determined for times subsequent 
to normal emission and approximately equal to: 


aV 
Oe See AB,(B.—2Bq) : 
AV, i *B2+3B2—(3+n) Bat(kR+1)Biy(B.— Bay) 

0x? 


The initial equilibrium orbit position xj; of an electron emitted subse- 
quently to the normal electron is seen from equation (70) to have th 
same sign as B,o, therefore opposite to Xo, in violation of condition (66), 
an understandable result since for late electrons the electric field is 
stronger than cut-off of an analogous magnetron. 

Therefore, only early electrons are capturable. Whether this wil! 
actually occur depends on the electric field, which, prior to the normal 
emission, is not specified by the normal equilibrium equations 59 and 
69. It will be assumed to vary linearly with B, at a rate p times faster 
than immedtately subsequent to normal emission. With this assump- 
tion, both Varo and Vy are determined for early electrons and it is pos- 
sible to compute the instantaneous position x; of the potential minimun 
of Vi = Varo — Ve for each instant t and each emission time ¢, in th 
emission period extending from the instant ¢) at which the electric fieli 
is zero to the instant ¢, of the emission of the normal electron. |t is 
convenient to introduce the numerical factors g = ¢,/(tn — to) chat- 
acteristic of the emission time and \ = t/(t, — t,) characteristic of an) 
instant in the period between the emission of any electron and th 
normal electron. With these abbreviations, the result of the computa- 
tion is: 


» 
x; = xo(1 — (1 -a+4), a 
: q) p 


when terms in (xo/7,)? are neglected with respect to terms in (X%0/’ 
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Therefore the initial position x,» of the position minimum (A = 0) and 
the position x;, at the time of the normal emission (A = 1) are: 


Xi0 = Xo(1 — Q), (72) 


ae oe 
Equation (72) shows that the initial equilibrium orbit is at the cathode 
for the earliest emission time (¢ = 0) and in the center of the tube at 
the latest (¢g = 1). The amplitude of oscillation at the emission time 
of any electron is (xo — xi0) = |gxo| and becomes slightly smaller at 
the normal emission time in virtue of the increase of 02V,/dx? in the 
interim. 

At the instant of emission of the normal electron, there are already 
in the tube a series of electrons all oscillating around different equi- 
librium orbits with different amplitudes. In order for (x;,) to be less 
than (xo) in accordance with relation (67), must be greater than one. 
At the limiting value when the rate of change of the electric field at 
the emission period is equal to the rate subsequent to normal emission 
time, or p = 1, the instantaneous equilibrium orbit of any electron does 
not change from the instant of emission to the normal emission time, 
x; = Xio = Xin, and the electrons all oscillate so as to come back to the 
cathode at each swing. 

After the emission of the normal electrons, the position x; of the 
equilibrium orbits is given by equation (70). The constants AB, can 
be eliminated by comparing the instantaneous equilibrium positions «x ;, 
to those, Xin, the electrons had at the time ¢, of the emission of the 
normal electron : 


Vt 
x; B, =~ 2B. - 32 | i bike 
— => — i oe = Jue (74) 
Xs, Beow — 2B on PV, 

Ox? t 


The function f, is determined for every point of the operating line on 
the B,-B, diagram. For the lines shown in Fig. 3, for an external 
cathode f, varies from 1, passes through a maximum of 2 and eventually 
tends asymptotically to zero, while for an internal cathode f, varies 
from one, passes through zero to a minimum value of —2.5 and eventu- 
ally also tends to zero. 

The position x; of the orbit at any time subsequent to the emission 
period can be compared now to its initial position by combining equa- 
tions (72), (73) and (74). 


sees tie : (75) 
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This shows that the rate of increase of the electric field during emission 
time must be greater than subsequently by a factor p which depends 


on the particular subsequent mode of operation. 


for external cathode and p > 2.5 for internal cathode. 


In our example p > 2 
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than necessary insure more positively that the electrons will miss strik- 
ing the bounding electrodes but the emission period is shortened so. 
that high cathode emission is necessary to inject a given charge. How- 
ever, for most practical parameters, as in the examples illustrated, the 
emissivity of the cathode is no limiting factor. 

The schematic history of the instantaneous equilibrium position and 
amplitude of oscillation of Fig. 5 summarizes graphically the above 
considerations. When the electric field becomes zero, the conditions 
are those of a purely magnetic betatron and the instantaneous orbits 
tend towards the center while the amplitude of oscillation diminishes, 
as explained before. 

The analysis of the emission period made above on the basis of the 
motion of the electrons in the radial direction only, were based on the 
two first terms of the expansion of the potential of forces. Actually, 
the two dimensional motion in the r-z plane should be considered by 
taking into account the effects of the actual boundaries, such as the 
cathode, for which the second order terms approximation breaks down. 
Such a detailed analysis was made for a specific example by using the 
cubic terms for Vo and an actual electrolytic plot for Vg and confirmed 
essentially the conclusions of the simpler analysis. 

The magnetic field B,, the flux linking the circle r = r., z = 0, as 
characterized by B,, and the electrostatic field 0Vz/dx must be related 
through equation (59) at all times. It is significant to consider the 
tolerances on the variations of these variables by computing the dif- 
ferential changes in the time variables which cause a shift Ax in the 
equilibrium orbit: 

A (2%) de ae (77) 
Ox . 


R P:2 


See gee ee. ae (78) 


AB, = — Ax ———- (79) 


mn The maximum permissible value of Ax is the space between the point 
) ¢ . . . . , . 

; ol maximum oscillating displacement and the cathode or anode, which 
ssion lor times subsequent to the emission period is: 

ends 


9 ax = (1-9) (41-2) = (80) 
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It is apparent that there is no tolerance for the normal electron (g = 
and the maximum tolerance for the earliest emitted electron (g = 0), 
If half of the initial emission is sacrificed a reasonable value for Ay js 
+ x»/4 for practical values of f, and p. 

The tolerances for the operating lines shown on the focusing diagram 
are as follows: Since 0?V;,/dx? remains approximately constant when 
dVz/dx ~ 0, the absolute tolerance of 0Vz/dx remains constant and 
tends to a minimum relative error of .6 per cent at maximum voltage 
The tolerance AB, is expressible as 

ne fT 
Xo is 

so that the least relative tolerance in the control flux B,., AB,/B, 
= AB,/Beoy is about .5 per cent. for the maximum value of f,. 
Similarly, the relative tolerance in B, is of the order of .7 per cent., well 
within the approximate linearity of a sine function at the phase angles 
of the injection period. These tolerances of a few tenths of a per cent. 
on the variation of the electric field and magnetic flux constitute very 
close requirements for electronic circuits controlling appreciable power 
at reasonably high frequencies. 

The ejection of the accelerated charge in a betatron with a system 
of injection using a radial electric field can of course be obtained by a 
non-synchronous change of flux or field as is done in the purely mag- 
netic betatron. It could be achieved also, in principle, by applying 
an ejecting electric field on the existing injecting electrode structure. 
However, the required gradients would be impractically high. 

It was shown that space charge determines the ultimate limit to th 
charge which can be captured and accelerated. In the purely magnetic 
betatron this limit increases with the energy of the electrons so that far 
more charge is potentially supportable near ejection time than can 
possibly be introduced at injection time. As mentioned before, th 
addition of an electrostatic field might be expected to provide a means 
for taking some advantage of this potentiality since the electrons could 
be injected into a much stronger initial magnetic field, as is the case in 
static magnetrons which are known to have high current densities. 
Actually the gain of supportable charge can be only very small, for th 
following reasons. 

The Laplacian of the magnetic potential was shown to represent 
the limiting space charge density of stationary electrons at any point. 
This limit p at the minimum of Vy can be found by introducing the 
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For a given electric field 0Vz/d0r, p is a minimum when Vy = =|—— |, 


a value which Vy must assume necessarily at some time since it passes 
continuously from nearly zero at emission time to values much larger 
r OVE} 
2| Or | 
density at the minimum of the potential for a given largest value of the 
electric field is: 


than Therefore, the upper limit of capturable space charge 


20Ve ; 
ce ene 54) 


whatever the particular variation of the magnetic flux and fields and 
electric field chosen to satisfy the equilibrium conditions. The similar 
limit for a purely magnetic instrument was found to be equation (27), 
2V a injection 


- , and therefore the relative gain in space charge 
“i ° 


> 
ll 
Leal 


density obtained from the electric field can be at most = . - If the 
Z or J Vu 

maximum voltage Vg applied across the tube is equal to the injection 
voltage, this ratio becomes approximately 7/Ar, assuming the gradient 
at r to be equal to the average gradient. The ratio of capturable 
charges themselves will be also 7/Ar if the volumes occupied by the 
charges are the same in both cases. In practice, however, the region 
of acceleration is smaller for radial injection, while the limit imposed by 
breakdown on the applicable voltage is likely to be higher. Therefore, 
the gain in space charge limit, if any, is not very important. 

In the example used in the preceding analysis, the actual limit of 
capturable charge can be estimated by applying Gauss’ theorem over 
the bounding electrodes. 


, 4 aV i ae 
O = & | grad, Vids = eo4rr, Zo = + x9 | - (83) 
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variation of V, in the radial direction, while the value of vod 
a ee 


which is very sensitive to the sharp boundary conditions due to the 
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Since Q is proportional to 0?V,/dx?, it will be most for a given dV, /dy 


. OVe / AV, 

at a time when —— / =; 
Ox Ox? 

when an elliptical equivalue of 0?V,/dx? is tangent to a hyperboli 

equivalue of dVz/dx. For this point the discriminant of the quadrati 

equation for B,?, which can be obtained by substituting B, from equa. 


tion (63) in equation (62), is zero, a condition occurring when: 


is extremum or, on the focusing diagram, 


OVe _ Vi, (km) + 2V1— 0 
dr sox? ° (R — nm) — 4(1 — nn)’ 


in which the plus sign refers to an external and the minus to an internal 
cathode. Therefore Q: 


(k — n) ee 4(1 = =| 
(k—n) +2 Vi-n 


o 
~0 


xo OVE 
QO = 4renx : | : 
Xo Zo 


OV E r 
= drreox y*h > ae 2 re yx oh V E max) SO 
x 


is seen to be proportional to the maximum applied voltage, the linear 
dimensions, and a factor 4 which depends on the geometry of the 
boundaries of the fields. Actually, this optimum ratio of dVz/dx to 
0°V»/dx? is not realized if the three equilibrium variables, magnetic flu, 
and field and electric field vary linearly with respect to each other. 
Taking this factor into account, for the parameters indicated on th 
diagram and a maximum applied voltage of 4,000 volts, this maximun 
charge turns out to be 5 X 10~-" coulomb. 


EXPERIMENTAL. 


In order to investigate the injection mechanisms and current limi- 
tations the present authors built a small but special betatron with 
which some relevant experimental results were obtained. 

The primary feature of the magnetic circuit was the independent 
control of the field at—and the flux linking—the main equilibrium orbit. 
The pole pieces were composed of two coaxial sets, an outer set with a 
return link in the form of a C carrying the field exciting coils, and an 
inner set relying on leakage for a return path and having its flux coils 
inside of the hollow outer pieces. This shape of the outer poles mini- 
mized the leakage between the inner and outer circuits so that only 
one-fifth of the variation on one was perceptible in the other. A coil 
on the outer circuit in series with a coil on the inner, tuned by a bank 
of condensers to the driving frequency of 420 cycles, was coupled through 
a transformer to a 5 KW generator. This main circuit was adjusted to 
produce the conventional magnetic betatron field with its 1:2 condition 
for the equilibrium orbit. Another system of coils comprising one on 
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the outer field link in antiseries with another on the inner, flux pole 
piece was adjusted to have no coupling with the main circuit. The 
excitation of this auxiliary, isolated circuit produced a differential in 
the flux and field and could be used for both ejection and injection in 
experiments either with conventional injection or with an additional 
electric field. Fig. 6 shows a cross section of the pole pieces. 

The ends of the outer pieces were made of laminations stacked 
radially in a bakelite holder and forming a 78° cone of about 42” di- 
ameter which produced the radial variation of field shown in Fig. 1. 
The remainder of the pole pieces consisted of a sheet of steel wound 
with proper insulation in a spiral to form an approximate cylinder 33” 
high, 33” 1.D., 42” O.D. This wound section equalized the flux angu- 
larly to better than 1 per cent. in spite of dissymmetries in the air gaps 
between the pole pieces and the yoke. The inner pole pieces were 
laminated cylinders, 1’’ in diameter. 

Measurements of the field distribution showed that when the angular 
dissymmetry exceeded 4 per cent. no tubes were operative, but im- 
provement down to 1 per cent. had no further beneficial effect in con- 
ventional, purely magnetic betatrons. Instead of computing the main 
potential funetion from the radial distribution of the magnetic field 
obtained with a search coil, it was found less tedious to use a special 
system of 23 concentric coils whose numbers of turns were made in- 
versely proportional to their respective radii. The position of the 
equilibrium orbit could be determined easily by switching to the coil 
with minimum signal on a peak voltmeter. The position of the equi- 
librium orbit at injection was obtained from a direct measurement while 
that at ejection was obtained by first passing the signal through an 
integrating circuit. 

The glass envelope of the purely magnetic betatron had the shape 
of a doughnut 43” O.D., 13” I.D., and was blown by conventional 
techniques with the help of special carbon molds. The internal glass 
surface was platinized to insure that all the region of electron accelera- 
tion is an electrostatic equipotential. To prevent excessive heating by 
eddy currents, this metallization was very thin and was interrupted 
along a radius. The electron injector sealed in a side tube was of con- 
ventional type including an oxide coated cathode (or tungsten filament), 
a focusing negative element and an accelerating anode, and was made 
to inject electrons in both directions so that some charge was captured 
at each half cycle. The target was a tungsten rod mounted on the side 
diametrically opposed to the gun and on the inside of the equilibrium 
orbit. 

An attempt was made at first to make the gun as small as possible 
(distance d from electron emission point to edge of gun .016”’) in order 
to minimize its obstruction effects. It was soon observed, however, 
that the output increased with the voltage far beyond the limit given 
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by the elementary notion by which missing of the gun occurs and the 
practical limit was the voltage breakdown of the gun. Larger guns 
(d = 055”) supported more voltage and provided more output. An 
auxiliary experiment was made in this connection. As an obstructing 
vane protruded into the orbital region for a distance varying up to 
about d beyond one of these large guns, the output at constant voltage 
diminished gradually to zero. The exact measurement of the depend- 
ence of the output on the voltage of injection was complicated by the 
fact that the output is a critical function of the heater current and the 
grid bias. In spite of these, it was observed: that there is a threshold 
injection voltage of a few hundred volts below which no output could 
be detected, there is a general trend of increase of the output with the 
voltage, and finally that there are large fluctuations superimposed on 
that trend. Although no definite explanation of these observations is 
offered, it is probable that the threshold voltage is related to the scat- 
tering of slow electrons in their long, low velocity paths and that the 
general increase of output is due to the deeper potential troughs at 
higher voltages. An increase of the beam current at a given voltage of 
injection, resulting from the control of the grid bias or heater current, 
resulted in an initial increase of the output up to a flattening point, and 
for low injection voltages, to a maximum beyond which the output 
seemed actually to decrease. These effects are due probably to the 
role the space charge is playing in the mechanisms of missing the gun. 

The output of the betatron was measured by the radiated X-rays 
rather than by the difficult direct measure of the small, high speed elec- 
tron target current. The most sensitive detector was a Geiger- Mueller 
counter used either with an electronic counter or an oscilloscope. A 
slightly less sensitive but far more convenient instrument was obtained 
in irradiating a fluorescent screen with the X-rays and measuring the 
visible light thus produced with a multiplier phototube. The electro- 
static focusing of the multiplier (RCA 931A or 1P22) being spoiled by 
the strong stray magnetic field near the betatron tube itself, it was 
necessary to remove the phototube to a distance of about 40 cm. and use 
an optical system to gather as much light as possible from the screen. A 
zinc sulfide screen (RCA Code 33-z-20A) with a time constant of about 
100 microseconds was found particularly sensitive. Phase measure- 
ments of the X-ray bursts were made possible by displaying the multi- 
plier output on an oscilloscope, while an accurate quantitative measure- 
ment of the intensity was obtained by a direct measure of the D.C. 
output current of the multiplier. The multiplier X-ray meter was 
calibrated with respect to a standard Victoreen Roentgen meter. The 
Victoreen meter itself was also used for the measurement of the stronger 
radiations of the betatron at the higher output level. 

Absorption measurements of the hardness of the betatron radiation 
Were consistent with the electron energies computed from flux measure- 
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ments. Energies of 800 KV with an equilibrium orbit at 1.3” to 1.6” 
in a field of about 1,000 gauss were typical of our smallinstrument. The 
highest observed average output current was estimated at .02 micro. 
ampere on the basis of extrapolation from the results of Van Atta and 
Northrup giving the yields of X-rays for high speed electrons. This 
was obtained with an injection at every half cycle (840 times a second) 
with a pulsed injection voltage of 3,000 volts from a gun located at 
ry = 1.9” and an equilibrium orbit r, = 1.3’.. The limit of capturable 
space charge in the “normal” potential trough corresponding to those 
parameters is of the order of 4 X 10~* coulomb and therefore about 160 
times more than the observed amount. This large discrepancy may 
be due to the fact that most electrons which succeed in missing the gun 
are actually captured in a much shallower potential trough, as was ev- 
plained in the theory. 

An interesting phenomenon (40) observed with the multiplier photo- 
tube detector is the occurrence of multiple—most frequently double 
peaks of X-rays in each quarter cycle when ejection was by means of the 
slow shift of the equilibrium orbit resulting from the saturation of a central 
core. The relative strength and phase of those peaks depended on the 
intensity of excitation of the magnet and all parameters of the gun 
injection. This effect is consistent with the view that the electrons 
are grouped in definite families according to their emission time and 
that they oscillate all at different amplitudes which do not diminish 
by a large proportion in a device with a relatively small final energy so 
that they can be “skimmed off” by the target at definite phases in the 
slow shift of their orbits. 

An experimental test of a betatron with an additional electric field 
yielded a negative result. It required, unfortunately, rather elaborate 
techniques. The glass envelope had to have a re-entrant shape to 
permit the introduction of the ring shaped cathode-anode structure, 
shown in Fig. 7 which also illustrates the detail of the pole piece con- 
struction. The necessary variations of the magnetic flux and field 
and of the electric field required special electronic circuits. The 
linearity of the variations of the electric field was obtained by charging 
and discharging a condenser with a constant current from current 
regulating tubes while the linear variations of the flux were obtained 
by applying suddenly, constant voltages derived from a thyratron tube 
to the almost entirely inductive coils of the control circuit. The varia- 
tions of the parameters were within tolerances of the best checking in- 
struments which themselves were just about at the limit of the tlico- 
retically computed tolerances. It is probable that by varying the 
parameters near their nominal values, the tube was actually tested 
under operative conditions. The lack of output resulted most likely 
from the defects in angular symmetry, which in spite of every effort — 
machining of the electrodes, careful tube centering and improvements 
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in pole piece construction—remained sufficient for the electrons to ex- 
perience some obstruction in their multiple initial swings to and from 
the cathode. 
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STRESSES IN TURBINE DISKS AT HIGH TEMPERATURES.' 


BY 


E. P. POPOV,? 


Berkeley, Calif. 


With the ever increasing use of high pressure steam systems and the 
advent of the gas turbine, the service conditions imposed on the rotating 
disks are very severe. The rotational speeds are high and the operat- 
ing temperatures are in the range where creep of the material occurs. 
The stress distribution in a rotating disk under these conditions cannot 
be properly estimated on the basis of the elastic theory. In addition 
to this, usually the fit of the disk on the shaft and the clearance between 
the turbine buckets and the housing must not vary more than certain 
prescribed amounts.* Thus the small plastic dimensional changes of a 
rotating disk with time must also be determined. 

This paper covers a study of stress distribution and creep deforma- 
tion in rotating disks. The study is however primarily confined to 
stress distribution and deformations that occur during the steady state, 
ie., for service periods beyond the interval in which rather rapid 
transient creep takes place. In the steady state, the stresses become 
stabilized and depend only on the final or steady creep rates. The 
solution presented, although lacking completeness in not considering 
the transient period, seems of some practical value, and may suffice in 
many actual design problems. A modified solution of a current method 
which depends only on the data derivable from tension creep tests is 
presented. This results in the simplification of the solution and greatly 
expands the use of the normally available test data. Metallographical 
transformations at high temperatures are not discussed. The stress 
analyses presented apply only to materials found stable for high 
temperature service. 

The problem of rotating disks involves combined stresses and we 
will first consider the formulation of creep laws under such stresses. 

CREEP UNDER COMBINED STRESS. 


Creep of material under combined stress is a complex phenomenon 
and its mathematical formulation is not completely settled. However, 


- 

' This paper is an abridged portion from a dissertation submitted in partial fulfillment of 
the requirements for the Ph.D. at Stanford University, May, 1946. Other portions of the 
dissertation, on relaxation and bending, will appear later. 

Assist. Prof. Civ. Eng., University of California, Berkeley, Calif. 

’ Some design requirements limit the creep rate to 10~* inches per inch per hour for turbine 
disks pressed on shafts. K. Baumann, “Some Considerations Affecting Future Developments 
ol the Steam Cycle,’ Engineering (London), Vol. CX XX, Nov. 7, 1930, p. 597. 
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there are several theories of material’s behavior under such conditions 
These theories may be divided into two groups. One group of sic/ 
theories considers creep as a function of distortion strain energy, :in\| 
the other bases it on certain idealized concepts of viscosity of the 11, 
terial.4° The first group appears to have a better experimental justi 
fication, and we will limit our further discussion to it. Several investi 
gators, among them Odquist,® Bailey,’ and Soderberg,*®:* proposed {0 
mulations for creep under combined stresses. These formulations ar 
fundamentally alike and are essentially extensions of the theory of plastic 
flow in crystalline materials.!° The assumptions directly utilized are 


1. The directions of the principal strains coincide with those of th 
principal stresses. 
2. The density of the material remains constant. 


3. The principal shear strains are proportional to the principal shear 


stresses." 


In addition to these for creep, another assumption ” is introduced that 


4. The yielding follows the Mises-Hencky criterion in which the 
distortion strain energy is the determining factor affecting the 


creep of the material. 
These strain energy considerations * utilize the invariants 


S = = V(o1 — 2)? + (a2 — a3)? + (a3 — 01)? 


v2 


4]. J. Kanter, “The Interpretation and Use of Creep Results,’’ J.A.S.M., Vol. 24, 193¢ 
p. 870. 

5 A. Nadai, “On the Creep of Solids at Elevated Temperatures,’ J. Applied P/ 
Vol. 8, No. 6, 1937, pp. 418-432. 

6 Odquist, F., “Plasticitetsteori Med Tillampuingar, a monograph published through !' 
genidérsvetenskampsakademien (IVA),’’ Stockholm, 1934. See also Proc. 4th Intern. Con; 
Applied Mechanics, 228, 1934. 

7R. W. Bailey, “The Utilization of Creep Test Data in Engineering Design,”’ Proc. /) 
of Mech. Engrs. (London), Vol. 131, November 1935, pp. 131-349. 

8C. R. Soderberg, ‘“‘The Interpretation of Creep Tests for Machine Design,” 7 
A.S.M.E., Vol. 58, 1936, pp. 733-743. 

® Discussion by C. R. Soderberg of ‘“‘Design Aspects of Creep,” by R. W. Bailey, J. 
Mech., Vol. 3, No. 1, 1935. 


ats 
VI 


10 A. Nadai, Plasticity, Engineering Societies Monographs, McGraw-Hill, New York, !95!. 


11 Tt is of interest to note that such assumptions were used much earlier by B. de St. Venan 


for his work in plasticity based on the tests by Tresca. See his “Sur I’éstablissement (es 


equations des mouvements interieurs opérés dans les corps solides ductiles au déla des |i! 
ou l’élasticité pourrait les rameher 4 leur premier état,’’ Compt. Rend., 70, 473, 1870. 
2 For a complete derivation see ref. 8, or for a modified method of derivation base! 


corrected St. Venant's equations for creep, see J. Marin, ‘‘Design of Members Subjected t 
Creep at High Temperature,” J. App. Mech., Vol. 4, No. 1, March, 1937, p. A-21. Odquists 


theory giving essentially the same results in a tensor form will not be discussed here. 
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and 


3 sai | | 

wade V(€, — €2)? + (€2 — €3)? + (€3 — €1)” (2) 

where o), a2 and a3 are the three principal stresses; €:, €2 and ¢€3 are the 

three principal strains, and s and e represent the stress and strain, re- 

spectively, in the octahedral plane. The octahedral stress and strain 

merge into the ordinary stress and strain for the unidirectional stress. 

Using the above notions of stress and strain, together with the three 

assumptions stated formerly, the laws of plastic flow for creep trans- 
form § for constant stresses into the following simple relations: 


- Os 
€; = ie 
Os ” 
é& = i pe (3) 
. < Os 
ae 


These relations express the law of plastic deformation in a suitable form 
for use in studying creep. They are general and may be used for calcu- 
lating creep strains during the initial as well as steady state. 

Let us limit their generality for the present to the steady state 
conditions, and let us further assume that 


5. For the steady state of creep, the exponential creep law is satis- 
factory and is applicable to the octahedral strains and stresses. 


Then we may write an equation 
u* = Bs" (4) 


where B and v are constants from the exponential law, s is the octa- 
hedral stress, and u* is the steady or minimum creep rate of the octa- 
hedral strain. 

But for the steady state, the strains are equal to minimum creep 
rates multiplied by time, or 


e= u*t, 

€; = 4,"H, (5) 
€. = Uo"*t, . 
€, = U3*t, 


where subscripts to the plastic strain « and minimum creep rates u* 
represent their respective directions, and ¢ is time. Substituting these 
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equations into eq. (3), and eliminating time, we obtain 


Os 
u,* = B aad 
Oo; 
Os 
uo” = B 5”, 0 
OG2 
Os 
us* = B— 5s". 
003 


Then performing the partial differentiations of function s (eq. 1), 
and substituting for s its value in terms of the principal stresses, we 
obtain the general equations for the steady creep. 


u;\* = Finti/2 [(o1 — o2)*? + (a2 — a3)? + (03 — 01)? ]"-” 


X [(oi — o2) — (63 — o;) 
us" = — L(o. — 92)? + (a2 — a3)? + (03 — 01)? J? ; 
; X [loz — a3) — (01 — @2) |, 
u3* = i de [(o1 — a2)? + (02 — os)? + (63 — 0)? ]-?? 


Dnt) /2 


x [(os — 01) — (¢2 — a3) | 


These equations give the steady creep rates in the direction of the 
principal stresses using only two experimental constants B and 1. 
These constants are the same as in the usual exponential creep lav 
relation: 


u* = Bo". g 
Equations (7) reduce to eq. (8) for a uni-directional stress. The abov 
formulae represent one theory; now we will examine another which had 
considerable experimental support. 
BAILEY’S THEORY OF CREEP UNDER COMPOUND STRESS. 


Bailey,’ having observed that thin-walled tubes under torsion or 
internal fluid pressure show no axial creep, deduced the following 
expression : 


* — 
Jm+1 


{(o1 — o2)* + (a2 — a3)? + (03 — o1)?}™ 


U1 


x {(o; ~ o2)"—™ oe (a3 ere on™) Y 


and similar expressions for u2* and u3*, which are obtained by cyclic 
permutation of subscripts. In these equations, constants B and 7 at 
established from tension creep tests. Constant m may be obtained )) 
fitting it so that expressions would agree with results of some compound 
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stress tests, or more conveniently, from torsion test performed at the 
shearing stress one-half the tensile test stress, or tube pressure vessel 
with the hoop stress at the value of tensile test stress, then the value 
of m is calculated from the measured creep rates ratio by equation 


u* in tension = 2 (10) 
u* of shear or tube’s circumference (3)"{1 + (4)"-2"] 


The right-hand side of this equation is obtained from eq. (9), and in a 
ratio, stress cancels out. 

The above theory at present has perhaps the best experimental sup- 
port, although it may be considered nearly empirical because of some 
liberties taken with handling signs in its derivation, but, compared 
with the one first presented, it has the disadvantage of requiring the 
knowledge of an additional material constant m. Much of the available 
data * is obtained from the tension tests alone, which is sufficient in- 
formation for the first theory. Moreover, it has been shown '‘ that 
reasonable agreement exists between the two theories in several special 
cases of compound stress. Thus it seems significant to compare the 
two theories for the case of rotating disks. Reasonable agreement 
between the two theories would serve as a verification of the adequacy 
of the simpler first, and would be more useful for the turbine design 
purposes. 


MODIFIED THEORY FOR THE STEADY STATE OF STRESS IN A ROTATING DISK. 


After an interval of time, the stresses in a rotating disk become 
stabilized and may be calculated provided certain conditions of equi- 
librium, compatibility and creep are fulfilled. In the usual design, the 
rotor’s thickness is variable as shown in Fig. 1, and even for simpler 
cases, direct mathematical solution leads to involved expressions. How- 
ever, a method of solution by successive approximations has been de- 
veloped by Bailey 7 for disks that is more convenient for the purpose. 
The method presented here follows closely his scheme, but is modified, 
as the first of the creep theories under the combined stress is used. 

In the following solution, it is assumed that the disk thickness is 
small enough at any radius r so that there is no axial stress, Fig. 1, that 
the disk is symmetrical and the disk faces are not greatly inclined to 
the radial direction. The disk thickness is taken as z = f(r), radial 
and circumferential stresses 0; and o2 are as shown in the figure, y is 
the density of the material, w the angular velocity in radians per second, 
g the gravitational acceleration, unit stress oz, is known or assumed 
stress at the bore radius d (such as pressure due to shrink fit which 


‘* Compilation of Available High-Temperature Creep Characteristics of Metals and Alloys, 
A.S.M.E.-A.S.T.M. Joint Research Committee on Effect of Temperature on the Properties 
of Metals, 1938. 

‘tJ. Marin, ‘‘Mechanical Properties of Materials and Design,’”” McGraw-Hill, 1942. 
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would be negative to the direction shown), and unit stress oy is a racial 
load at radius 6 (such as caused by buckets and shrouds in a rotating 
disk). 

For a rotating disk of variable thickness, it can be shown © that the 
equation of equilibrium for an element is 


d 
rs (0,72) — 02 + 2 sat? = ( (11 


which must hold whether stresses are elastic or plastic. Now if we let 
w* be the rate of steady change with time of the radial displacement 


then the radial displacement during the steady state is w*t, where { is 


Fic. 1. Elements of a disk. 


time. From this it follows that the radial plastic strain is e, = (dw*/dr\i, 
and the circumferential creep strain is €. = (w*/r)t. But from eq. (5 
since “;* = €,/tand u2* = €/t, we may express the steady creep rates as 


4," = —— and u* = — (11a 


for the radial and the circumferential directions, respectively. 

In our case of the thin rotating disk, the axial stress vanishes, .¢., 
a3 = 0. So by writing eq. (7) with only the two principal stresses, we 
obtain for the steady radial creep rate 

dw* B 
a eee pee o's ae oY 2 2°]}(n—1) /2 aoa ) 
u,* = = Fate [(o1 — o2)? + o;? + a2? | (20; — 02) (1 


16S, Timoshenko, ‘‘Theory of Elasticity,” McGraw-Hill, 1934, p. 69. 
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‘and for the circumferential creep rate 


* 
w B 
Seales fs eae or ass: 2 2 oe [in-))/2 — 
TB : Fate [(o1 — a2)? + o;? + 02” | (202 — 0) (13) 
where all the terms have the meaning explained before. 
Equation (11) previously stated may be integrated between the 
limits d and r 


12% — Oya2ad — f oozdr + Xa f zr’-dr = 0 (14) 


'but here /Z’sr*dr is the moment of inertia of the cross section of the disk 


up to a radius 7, about the axis of the disk. Let this integral be called 
[,, and at radius 6 be J. Then rewriting we have 


a 
: ae » 
013% — OyaZad — i) oozdr +-—wl, = 0. (15) 
d g 
Now to use the method of successive approximations, the stresses are 


first found by assuming a2 in the above equation as constant over the 
entire cross-sectional area of the disk, although it, as well as z, is a 


function of radius 7, giving 


71020 — ora2ad + is wT 
A sik ge (16) 
A 


where A is the radial cross-sectional area of the disk equal to /jzdr. 
The first approximation for o;, now that a2 is known, is obtained from 
eq. (15) by substituting into it eq. (16) and is given by 


1 a ‘ Rae] ” 
> +| O1azad + — ( O1a2aD — Oya2ad + wv) a I, (17) 
ar A g 4 


or 


-+{(1-5) el 4 = ab +a (41-7,)]. (18) 
1, = - A 0 1a2a0 A 7 165 g” a a v4e 


In these equations a is the radial cross-sectional area of the disk from 
the radius d to 7, i.e., Jq2dr. 

In a particular case, solution of eq. (16) gives a constant average 
stress in the tangential direction. Equation (18) gives corresponding 
stresses in the radial direction. Such a solution is the first approxima- 
tion for the stresses ¢; and oz. With this set of approximate values for 
7, and o2 we may form a function ¢(r) which is expressed in terms of the 
stress ratio R = o;/o2 from eqs. (12) and (13) 


i ae te ga I ; 
sighs “*° .dw %2=R 7) 
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where & at a particular point is approximately known from the stresses 
already determined. This equation may be rearranged, thus 

dw* 

—— = r~19(r)dr (20) 


w* 
which, after integration between the limits d and r, gives 


y* la 
pall = wa* esd r-lg(r)dr { 71 


r r 
where wa* is the radial creep at radius d. 
Equation (13), which is an expression for w*/r, may also be written 
in terms of the stress ratio R as 


opy* 
a , , 
ie) 


= — 1 Boo" (R? == + 1)@-D/2(2 ded R) 2) 
or 
= Bos"(r) (23 


where 


Wir) = A(R? — R + 1)-92(2 — R). (24) 


Setting the right-hand terms of eqs. (21) and (23) equal to each other, 
and solving for the circumferential stress o2, we obtain 


( Wa™ y" eS da r9(r)dr a 
02 — ——— Bisesia sisi a el 5 
B ry(r) 


or 
Wa* l/n / 
02 = ( : ) P(r) (25a 
where 
a( ; Ee r ; 
Oo ee ; 20 
ry(r) 


The value of (wa*/B)'" is obtained from eq. (15), when integration is 
carried from d to 8, and is 


o 1a2ad a 


(= )" = o p20) ai 07 
‘ 2®(r)dr 


y 


Equations (25) and (27) give new values of o2 at various distances ' 
which are closer approximations than g2 obtained by eq. (16). Corre- 
sponding closer approximations of o; are determined from eq. (15) as 


1 »,.* \1/n r : 
7, = 1 oucid + (=<) J 2®(r)dr ne “ott, | (20) 
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The convergence of this solution to the true stresses of ¢; and a» is very 
rapid. An additional cycle with the new set of values obtained from 
eqs. (25) and (28) repeated in eqs. (19), (24), (25) and (28) usually gives 
stresses sufficiently close for all practical purposes. Once the stresses 
are calculated, say by three approximations, corresponding to the differ- 
ent radial distances, steady creep strain rates at any point are given by 
eqs. (12) and (13) for u;* and u,*. The creep strain rate in the axial 
direction, i.e., the disk thickness creep rate, is obtained from the con- 
stancy of volume condition, and is 


ust = — (u,* + u2*). (29) 


In a practical problem the solution indicated above, including inte- 
grations, may be carried out graphically and arithmetically in tables by 
sub-dividing the disk’s outer radius into several parts. To illustrate 
the procedure a numerical example follows: 


NUMERICAL EXAMPLE—ROTATING DISK WITH A BORE. 


Let us consider a rotating steel disk at 3,000 R.P.M. (314 radians 
per second) that is 20 inches in diameter with a 2-inch bore and of unit 
thickness at 850° F. The value of the stress exponent is taken equal 
to 6. The boundary stresses o14 and oy are assumed to be negligible. 
We will determine the stress distribution and relative creep rates in this 
disk under steady creep conditions. This particular problem has been 
solved by Bailey 7 by his method, using the values of 6 for m and one 
for m, so that our results will be directly comparable. 

Let y = 0.283 Ibs./cu.in. and g = 386 in./sec.? 

For a disk of unit thickness: 


I, = $(r® — 1) and J = 333 in.‘, 


a =r—1 sq. in. and A = 9 sq. in. 


Then from eq. (16) the first approximation for the circumferential 
stress is determined: 
_ 0.283 K 3147 K 333 
a 386 X 9 


and expression for the first approximation of the radial stress is made 


from eq. (18), 


= 2,680 psi 


02 


2... ee ae 
y= 12 BG, pee dD 
or 


7 = 24.1 = [111¢ th 6 19], 


Calculations for this stress are carried out in Table I, where several 


Ma 
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TABLE I. 
First  Ajpramontion of a1. str 
Se Cn en nm ; == ; er wil 
r r—il lil(ry — 1) rs —1 ati” — 1) | e by 
— (7? — 1) 
1 0 | 0 | 0 “ae 0 
ne 0.5 55.5 2.375 53.1 | 853 
2 1 111 7 104 | 1252 
3 2 222 26 196 1572 
4 3 ae po ae 270 | 1626 
5 t 444 124 320 | 1542 
6 5 555 | 2 15 340 | 1366 
7 6 666 | 342 324 1116 
8 7 | ae } 511 266 | 801 
9 8 888 | 728 160 428 
10 9 999 999 0 0 
TABLE IT. 
Solution for. First 2 Dina smtanoneetet of fir Bind iost 
a —- — a as ae —— — F 
r R 2R —1 2-—R r-o(r) | SV rg(r)dr 
1 0 —1 2 —.500 | 0 
1.5 .318 | — .364 1.682 — 1.44 — .161 
2 468 | — .064 1.532 | —.021 | —.202 
3 .587 174 1.413 | O41 —.191 
4 .606 212 1.394 038 —.151 
5 .575 150 1.425 .021 —.122 
6 509 018 1.491 002 —.111 
7 416 —.168 1.584 —.015 —.118 
8 298 —.404 1.702 — .030 —.140 
9 160 — .680 1.840 —.041 — .176 
10 0 a | 2 — .050 — 222 
values of r are taken, as shown in the first column, and the corresponding 
stresses are to be found in the last column. 
With first approximations of o; and o2 known, the stress ratio 
R = o;/o2 is entered in Table II, and using eq. (19) for ¢(7) function, 
the values of r“'¢(r) are calculated. Then the last column of this table 
is obtained by the sunmation of the areas under the curve of the func- 
tion in the preceding column. 
Using the same values of R as above in eq. (24), function y(”) Is 
calculated in Table III. With values of r“¢(r)dr and y(r) pont n and 
using eq. (26), the function ®(r), as well as its summation /7'°®(r)d/, is ' 
computed in Table IV. 
ry c — . . ) 
Then from eq. (27), now that /?®(r)dr is known, is : 
{ 
(= )" - " _ 0.283 X 314? X 333 _ 2 080 5 
oe oe aa 3, 0% 6 
B 7.824 X 386 - 
and ; 
0.283 x 314? 10 


t= = 72.4. 
g 


386 
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Ce 
Table V is made using eq. (28) for o; and eq. (25) for a2. These 
stresses in the disk are the second approximation of the stresses. As 
will be seen, these stresses are reasonably close to the final ones indicated 
. by this method, but to obtain a closer solution another cycle was made. 
TABLE III. 
95 Solution for First Approximation of (r). 
25) cece er re ae ieee canines oe enn ana eae = — > - Eee 25 iipaie ene ane ener rae 
572 R R? | Re~R+1 |(R27-R+1)4) 2-R | vr) 
626 Scat Saraes SNe lone mAOnnACotleneD Stina iidbriaseseaRaiaiiaeee 
542 1 0 ee | 1,000 1.000 2 1.000 
366 1.5 a M4 a 543 1.682 457 
116 2 468 | 219 | . 489 1.532 375 
801 3 ; ae 344 | ie 498 1.413 352 
428 i 606 | .366 .760 503 1.394 351 
0 5 575 | 330 755 495 1.425 353 
6 509 .258 .749 486 1.491 362 
7 415 173 .757 498 1.584 395 
8 298 .089 791 557 1.702 AT4 
9 160 | 026 866 697 1.840 641 
10 0 | oO 1.000 1.000 2 1.000 
: TABLE IV. 
161 Solution for First Approximation of &(r) and fi’ ®(r)dr. 
0? ———— a rn scan me eae Gas are enn a oo _ - = — 
191 are 
151 r Beko? Ais dete = int &(r SV &(r)dr 
12? | ry(r) | 
111 -- — a ~ 
118 1 1.000 | 1.000 1.000 0 
140 1.5 1.175 1.240 1.036 | .509 
176 2 1.224 1.088 | 1.014 1.022 
2) 3 1.210 .782 .960 | 2.009 
4 1.163 612 921 2.949 
5 1.130 502 891 | 3.855 
6 1.118 A12 862 | 4.732 
yndin 7 1.125 321 827 PY i 
8 1.150 229 782 6.381 
9 1.193 145 724 7.134 
ratio 10 1.250 .080 655 7.824 
ction , y, Eeeeamne ene : rie 
hi ° 
5 tabl TABLE V. 
run Second Approximation of o; and a2. 
nan (“F) —— | # ne es ” 9 % 
al ee ee, eee | —___——_—— — — —_ ae — 
Jar, | 1-4 “Eee ie | 0 es 0 | 3,080 
1.5 1,570 | 79 | Sm 1,000 | 3,190 
3,150 | 2.33 169 2,980 1,490 3,120 
3 6,190 | 8.66 628 5,560 1,850 2,960 
9,090 el) a 1,890 2,840 
5 11,880 41.3 2,990 8,890 1,780 2,750 
4 14,580 71.6 5,190 9390 | 1,560 2,660 
7 17,200 | 114 | 8250 | 8,950 1,280 2,550 
8 19,640 170 12,300 7,340 920 2,410 
9 22,000 | 242 17,500 4,500 500 2,230 


10 24,100 333 24,100 | 0 0 2,020 
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The stresses from Table V were used to form new ratios R and a coim- 
plete cycle of calculations was repeated. Calculations are similar to 
those of Tables II, III, IV and V. The final values thus obtained are 
the third approximation of the stresses. 
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For the purposes of comparison with the elastic stress distribution !° 
in an identical disk and to show the convergence of the approximations, 


16 The elastic stress distribution for the disk was computed assuming the Poisson’s ratio 
of 0.3 and using the well known equations. See Timoshenko, S., ‘Strength of Materials,”’ 
Part II, Van Nostrand, New York, Second Edition, 1941, p. 247. 


E. P. Popov. 


Fic. 4. 


see Fig. 2. It will be observed that the successive approximations 
rapidly approach the desired solution and the steady stress distribution 
under creep conditions is very much different from that occurring in 
purely elastic disks. The maximum circumferential stress is approx!- 
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mately 50 per cent. of the elastic, and the maximum radial approxi- 
mately 75 per cent. for the case considered. 

As was stated earlier, this particular problem is the same one that 
Bailey’? worked out by his theory so that the results may be directly 
compared. In Fig. 3, Bailey’s, as well as the solution by the modified 
method, presented here, is shown. The agreement between the two is 
remarkable, and although the modified theory uses one less material 
constant, apparently the results are not affected. 

With stress distribution known, the creep rates may be calculated 
from eqs. (12), (13) and (29). For our purposes, we will calculate only 
the relative creep rates. The circumferential creep rate at the bore 
will be considered unity. This differs from the true creep rates only 
by a constant, which could be easily determined in an actual problem. 
The results of these calculations are shown in Fig. 4. Bailey’s available 
solution of the disk for the relative creep rates is alsashown. The two 
methods give results that are in a very satisfactory agreement. 


MODIFIED THEORY FOR THE STEADY STATE OF STRESS IN A 
ROTATING DISK WITHOUT A BORE. 


Sometimes in practice there occur important applications of disks 
without bores when they are made integral with a shaft. The method 
of successive approximations developed previously is suitable for calcu- 
lations in such cases with an additional modification. In this case, at 
the axis, and close to it, ¢, = o2, which is sufficiently true for practical 
purposes. For the first approximation of stresses, a small hole of say 
d = 0.1 radius is assumed, and calculations by eqs. (16) and (18) are 
made as before with oia = 0. 

For small values of r and at the center of the disk, the stress ratio 
R = 1; ¢(r) = 1 from eg. (19) and ¥(r) = 3 from eq. (24). Introducing 
these values into eq. (25), and remembering that the two principal 
stresses are assumed to be equal, we have 


fy" VoSdrdx a eae)” Gy” 3 
ie: Ok. aE Eee ie eS AT - * — = 0 
pei B x B d 39) 


which holds for small values of radius r. The value of the stress from 
eq. (30) may now be considered as a “boundary radial force’ acting on 
the surface of the assumed bore. Treating it in this manner, substitute 
eq. (30) into eq. (27), which gives 


o 16200 + r wl 


(26 s 
B ae 1/n b 
Zad (7) + f z(r)dr 
d 
F240 + ; wt 


- (31) 
Qing dd (*—in + { 20(r)dr 


380 E. P. Popov. [J. FL. 


The above value is to be used in eq. (25a) for solution of the closer 
approximation of g:. Ina similar fashion introducing the “boundary 
force’’ into eq. (28), we obtain 


Wa* 1/n ce ae r ‘ Y 
(2) | 2 Za § 1)/ + f st (rar | ~—~ asia (32) 


or substituting in it eq. (31), we obtain 
2g dD! 0 + f 2®(r)dr 


1 
1s ( 72,0 + z wt “ ae wl, (33) 
2Uagad Yin f 2®(r)dr 


1 
qj =" 
Zr 


which gives solution for the closer approximation of the radial force. 
Just as for the disk with a bore, several approximations should be 
made to determine the stresses. Convergence in this case to the desired 
values is not quite as rapid as in the former case. Creep rates at any 
point after the stresses have been determined may again be computed 
from eqs. (12), (13) and (29). 
To illustrate the procedure, a numerical example follows. 


NUMERICAL EXAMPLE—ROTATING DISK WITHOUT A HOLE. 


We will again consider a 20-inch diameter disk at 3,000 R.P.M. of 
unit thickness, but without a bore. The value of stress exponent n = 6. 
No load at the periphery is assumed. The stresses and relative creep 

TABLE VI. 
Second Approximation. 


r | #(r) Sif @(r)dr |2Vs + fi &(r)dr | * I; ** ci 
| | Pes OST EER NA Wont, ; 
0 | 0 3,020 3.020 
1.000 | 0 1.122 41.9 .333| .41.6 | 3,010 | 2,690 
1.5 | 1.036 509 1.631 60.8 | 1.12 | 59.7 | 2,880 | 2,780 
2 | 1.014 1.022 2.144 80.0 | 2.67 | 77.3 | 2,800 | 2,730 
3 | .960 | 2.009 3.131 116.7 | 9.00 | 107.7 | 2,590 | 2,580 
4 | wa 2.949 4.071 | 152 21.3. | 130.7 | 2,370 | 2,480 
Bae. 3.855 4.977 186 41.7 144.3 | 2,090 | 2,400 
6 | .862 | 4.732 5.854 218 72.0 146.0 | 1,760 | 2,320 
4 24 vee 6.699 250 | 114 136 1,410 | 2,220 
8 .782 | 6.381 7.503 280 =| 171 109 987 | 2,100 
eee ee 8.256 308 | 243 65 522 | 1,940 
10 | .655 | 7.824 8.946 333 | 333 0 0 | 1,760 
Bn fr ede on 2 + fr @(r)dr 


~ QYn 4 f0 b(r)dr ©” DE fi) (r)dr 


rates will be determined and, since this problem is also solved by Bailey,’ 
the results will be compared. 

We will “‘assume”’ a bore of 1-inch radius. Thus the first approxima- 
tion o; and a2 is already known as computed for the previous example, 


Table I, as well as (7) and f{’®(r)dr (Table IV). Then to obtain the 
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second approximation for the stresses, we first use eq. (31) to determine 
(st )” _ 0.283 K 3147 K 333 


nitiaate = = 2 
B 386(2°-167 + 7.824) “— 


which value used in eq. (30) gives the stresses at and near the axis, 
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The new values of radial stress are calculated in Table VI using 
eq. (33), which in this particular case reduces to 


Quin 4 f " B(r)dr | 
a =~ Tu? = I-TI,|- 
& | gus + ' ®(r)dr 


| 
L 


The corresponding values of the circumferential stress are obtained 
using eq. (25a) with (wa*/B)'/" = 2,690. 

Then three more cycles were repeated. The assumed bore remained 
2 inches in diameter in all calculations, so except for the use of eqs. 
(31) and (33), the procedure is similar to the case where there is an 
actual bore. 

The convergence of solution in this case to the desired stresses is 
much slower, as may be seen from Fig. 5. An additional two cycles 
were required to obtain comparable results to the solutions of disks 
with bores. 

The solution obtained is compared with Bailey’s for an identical 
disk, Fig. 6. The agreement again is excellent. However, it is of 
interest to note that in a disk without a hole, the stress distribution does 
not deviate as much from the stresses for the elastic condition. 

Relative creep rates were also calculated as before, using eqs. (12), 
(13) and (29). The results obtained, together with Bailey’s solution, 
are shown in Fig. 7. The agreement between the two theories is good. 


STRESS DISTRIBUTION DURING THE TRANSIENT PERIOD OF CREEP. 


While it is perhaps of greater importance to know the nature of the 
stress distribution that is ultimately reached and remains for a long 
time, it is of interest to see how rapidly such stresses stabilize. All of 
the former discussion was directed at obtaining the steady stress state. 
But at zero time, the stresses are elastic, as the material, as yet, had no 
time to creep under the stress. At the instant the disk starts rotating, 
the stress is properly defined by solving the problem by the theory of 
elasticity. It takes a definite time for the stresses to become stabilized. 

Equations (7) and (9), i.e., of both theories discussed, are specifically 
derived for the steady stresses and steady creep rates. However, eq. (3) 
is much more general and a solution has been obtained * that permits 
the determination of stresses at any time. Such a solution has the ad- 
vantage of generality, but involves much more work for the estimate o! 
the stresses ultimately reached. Computations must be done by carry- 
ing calculations from zero time by increments. Moreover, due to 
mathematical complexity in establishing some relations, approximations 
are made. However, regardless of some of these difficulties, such a 
method deserves attention as the trend of stress distribution with time 
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as shown by it is undoubtedly correct. This method, developed by 
Soderberg, will not be given here, but the results from an example 
solved by it are reproduced in Fig. 8. 

It will be noted that during the first few hours, stresses undergo a 


E. P. Popov. 


Fic. 7. 


rapid change, then even after as little as 200 hours they become nearly 
stabilized. 

This method, while cumbersome for numerical work as noted above, 
establishes ultimately a very simple criterion for the creep characterizing 
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the steady state *!" 


( 
u2* + Mu,* a (34) 


where “,* and u.* as before are the radial and circumferential creep 
strain rates, M is Poisson’s ratio, and C a constant adjusted to satis/, 
the equilibrium forces. Thus the sum u,* + Mu,* is inversely propor- 
tional to the radius r. This expression may be utilized for developing 
an approximate formula for the tangential stress distribution in which 
we are normally more interested. 


DERIVATION OF AN APPROXIMATE FORMULA FOR THE TANGENTIAL STRESS 
DISTRIBUTION FOR DISKS WITH LARGE BORES. 

Equation (34) may be further simplified if we assume the state of 
steady creep following an exponential creep law and we substitute into 
it eq. (6) in which the partial differentiation has been performed, then 

—1 1 1 C 22) 
Bs” (oo = ed aie Mo, —_ + Moz) = (009) 
r 


Jt 


since ¢; = Qin ourcase. During creep, the volume remains essentially 
constant, hence M = 3; then eq. (35) becomes 


C : 
3 Boos" — (36) 
r 


but for a two-dimensional case the octahedral stress from eq. (1) is 


s= Vo;> + a2” — o109; 37 
hence, if we substitute this into eq. (36) and let x be equal to the ratio 
of the two stresses o;/a2, we obtain 

Sate, Sees * 5 
o2"(1 + x? —- g)e-or Saks anenmie: . atee’. Sas onda (3S 
$B fr r 
where K is a constant in a particular case. Rewriting the equation in 
another form gives 


é l/n 
cal + at xyutam a (KY i, 
r 


So far, except for the assumptions of an exponential creep law, an 
a theory of compound stress creep, no approximations were introduced. 
Here, however, we may note that the function (1 + x? — x)!” has 
nearly a constant value for all values of x from zero to one, which is @ 


complete range of x in any practical problem. Moreover, any reduction 


17C, R. Soderberg, ‘Plasticity and Creep in Machine Design,” Stephen Timoshenko 
Anniversary Volume, Contributions to the Mechanics of Solids, Macmillan, New York, 19°. 
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in the exponent tends to even further stabilize it. We may, then, asa 
reasonable approximation, write the expression for the tangential stress 


at any radius 7 as 
K l/n 
ms (<) (40) 


9 
n 


where f is some factor, which gives an average value of (1 + x? — x)¥2"1” 
in a particular case. 

The total force existing in a disk across a radial section following the 
above stress distribution must be the summation of stress multiplied by 
the area, or 


[esta = [om ote 


where z, the thickness of the disk, is assumed constant, and } and d 
are the outer and inner radii, respectively. But in a free rotating ring, 
the conditions of dynamic equilibrium prescribe * that the above total 
force must be equal to 


- 2dr = pe feK'n a (be—) ‘-.. a 1) *) (41) 


YO" 2(b* — d*) (42) 
3g 
where w as before is the angular velocity, and y is the density of the 
material. 

Equating (41) and (42), solving for fK/", and substituting it into 

(40), we obtain a very convenient approximate expression for the 
circumferential stress at any point in a rotating disk of uniform ft 
thickness, 


yo n— 1 1 Gy e 
o = — (b* — d*) . . —— . « — . : 
as 3g ( ) n (be—Vin — qim-D/n) r (43) 


In a particular case once the material constant n, the dimensions of a 
disk and the angular velocity are known, the equation may be immedi- 
ately solved. The calculations are very simple, thus for a 20-inch disk 
with a 2-inch bore at 3,000 R.P.M. and » = 6 from eq. (43) the cir- 
cumferential stress is 


_ 0.283 X 314X 999X511 Oy - sao (2)* ve 
shi 3 X 386 X 6 ivf —1\rJs ~ ” — 


Q 


The results are plotted in Fig. 3 and a reasonable solution i is obtained 


. This expression may be verified, for example, by integrating the tangentiz ial stresses iii 
the radial section for an elastic condition. 

+ For disks of variable thickness, mathematical formulation may become a little more 
complicated but, by graphical or tabular methods, solutions may be easily made. 
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as compared with the previous analyses. For disks without holes, this 
formula fails completely. It also is not satisfactory for solutions o{ 
disks with small holes because the criterion for creep characterized 
eq. (34) does not hold. 


DISCUSSION OF RESULTS. 


By comparison, it has been established that the agreement obtained 
for the steady state stress distribution for disks exhibiting creep by the 
modified and the Bailey methods is very good. Here it may be of 
interest to note that when the exponent m in the Bailey theory is equal 
to (w — 1)/2 the two theories give identical expressions for the steady 
state creep rates. This was not the case in the examples considered 
(m = 1, n = 6). The modified solution has the advantage of sim- 
plicity as it requires only two experimental constants B and n.'8 This 
greatly expands the use of much of the available test data.4% The ap- 
proximate formula also appears to give reasonable results. It may be 
useful at least for the preliminary estimate of stresses in a proposed 
design, but it must not be applied to disks with no or small bores. |! 
refinements in calculations are desired, it minimizes the number of 
cycles necessary for a solution. The elastic theory for disks operating 
for extended periods of time at high temperature is completely in- 
adequate and creep of metal must be considered.’® It is rather notable 
that considerable reduction of the higher stresses at the bore occurs 
during the steady state. It is also noteworthy that the shear distortion 
energy theory, which is found to be applicable in many cases for failure 
and fatigue of metals, apparently is a satisfactory criterion for cree) 

An estimate of the growth of the disk due to creep may also be ce- 
termined as was shown, although its absolute value appears to be less 
reliable than the solution for the stresses. While final stresses depend 
only on the state of creep ultimately reached, the growth depends on 
the entire cycle of life. During the initial intervals of time, the creep 
rate is greater than what it eventually attains. The question of an 
accurate solution for the growth of turbine disks remains a very im- 
portant problem. The rate of steady creep may be computed by the 
modified theory, as was done before for the relative case, except that a 
proper constant B must be used in eqs. (12) and (13). For a disk witi 
a bore, since the radial stresses vanish at the bore and the outside 
diameter, the points of greatest interest in design, the stress is uni- 
directional and equations for creep rate reducé to the familiar u* = Bo". 
It may be possible that in some cases if the periods of steady stresses 


18 Bailey's theory is still receiving a considerable amount of attention. W. Prager, ‘~ 
Hardening under Combined Stresses,’’ J. Applied Physics, Vol. 16, No. 12, Dec. 1945 
837-40. 

19 For a rather complete analysis for disks without creep considerations see A. S. Thom 
“Stresses in Rotating Disks at High Temperatures,” Jl. App. Mech., Vol. 13, No. 1, March 1°40. 
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are very long, a reasonable estimate may be made by ignoring the 
initial stage. 

Much work remains to be done before the subject of rotating disks 
at high temperatures is completely solved, but it is hoped that the 
approximate equation for the tangential stress and the modified Bailey’s 
theory for the steady state, developed in this paper, will be of benefit 
for the work that is to follow. 
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Remote Instrumentation Best For Jet Planes.—Instruments for jetplanes 
of the future will be of the electrical remote-reading type for reasons of safety 
and ease of installation, in the opinion of C. A. Edman, of General Electric's 
Meter and Instrument Division. 

Speaking at a recent ASME meeting on the subject of ‘“‘Instrumentation for 
Jet-Propelled Airplanes,’’ Mr. Edman explained that the low vibration jn- 
herent in jet engines permits the use of more delicate primary detectors than 
does the reciprocating engine. He said that d-c selsyn systems using movable 
contacts have already proved successful in a number of jet plane installations. 

“Because of their size, however, these d-c selsyn systems will doubtless he 
superseded by the inherently smaller a-c types as soon as the proper ranges are 
developed in the latter systems,’’ Edman said. 

Remote-reading instruments are virtually a ‘‘must”’ for jet planes, according 
to Mr. Edman, because of the need for quick disassembly of the engine from 
the airframe and the desirability of keeping high-pressure fuel lines outside 
the cockpit. 

The jet plane’s gas-turbine engine needs only five basic indicating instru- 
ments, as compared with seven required by the conventional reciprocating 
engine, Edman said. These are the tachometer, tailpipe-temperature indi- 
cator, bearing-temperature gage, oil-pressure gage, and fuel pressure gage 
However, he pointed out, these instruments will need considerable improve- 
ment to meet the special conditions of jet engine indication. The most urgent 
needs are in tailpipipe-temperature and bearing-temperature indication. [n- 
struments for these purposes will require improved resistance bulhs to with- 


stand high temperatures and corrosive atmosphere. 
R. H. O. 


Powerful Electro-Magnet Aids Research. (Power Plant Engineering, 
Vol. 50, No. 12.)—An electro-magnet so powerful that the operator must stay 
at the controls four yards away when it is at peak operation in order to avoid 
having his pockets picked has been developed by Dr. J. E. Goldman of thi 
Westinghouse Research Laboratories. It is an oil-cooled, 1} t., iron-core, 
electro-magnet wound with 6000 turns of square copper, wired and tipped with 
a special magnetic alloy. 

The magnet, 5 ft. long and 23 ft. high, has adjustable poles so that speci- 
mens from 14 to 12 in. may be attracted and is capable of exerting a concen- 
trated 4000 Ib. pull—a force strong enough to make possible new studies in 
magnetism. 

One secret of the high magnetism produced is the special alloy tips. This 
alloy was developed by the Westinghouse Research Laboratories to give more 
magnetic energy than ordinary iron. 

The variation in the gap between poles is accomplished by the use of adjust- 
able tapered pole-pieces. This feature adds immensely to the versatility of 
the magnet. 

; R. H. OPPERMANN. 
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THE COMPOUND CYLINDER AND THE STRENGTH PROBLEM.:! 


* 


BY 
C. W. MACGREGOR? AND L, F. COFFIN, JR.° 


ABSTRACT. 


A general discussion is given of the effects of various strength theories on the design of 
compound cylinders composed of as many as four tubes. Departing from the usual practice 
in problems of this type, the more modern theories of strength are included. 

The problem considered is limited to simultaneous yielding in all component tubes of the 
cylinder under the action of bore pressure. In addition, new short design procedures employing 
graphical means are discussed which will considerably reduce the time ordinarily required in 
such calculations. The methods used are flexible since component tubes of different materials 
following different strength theories can be treated as easily as cylinders composed of tubes of 


one material. 
INTRODUCTION. 


In cases where extremely high pressures are encountered, such as in 
power plant applications, chemical processes, and gun problems, re- 
course is often had to the compound cylinder in design. A compound 
cylinder is defined as a combination of concentric tubes which are nested 
together either loosely or with shrinkages to effectively resist the action 
of internal pressure. The component tubes may be of the same ma- 
terial and of similar heat treatment, or, as is often the case, the interior 
tubes may be of higher strength than the exterior ones. 

Design conditions are usually quite rigid in problems of this type 
because of weight, expense and safety precautions. Commonly the 
most efficient arrangement by weight is desired for a previously selected 
factor of safety and set of physical properties. Of paramount impor- 
tance in this connection is the theory of strength, i.e., the criterion for 
yielding under states of combined stress. Other conditions being equal, 
the use of different strength theories will result in compound cylinders 
having either different overall sizes or different factors of safety. 

The authors know of no comprehensive discussion of this problem 
in the literature, especially as it refers to some of the more modern 
strength theories. : 


' This paper is the result of a portion of a research program carried out at the Massachusetts 
Institute of Technology from 1942 to the present time under contract with the Bureau of 
Ordnance, Navy Department. Approval for the release of this information has been received 
from the Chief of the Bureau of Ordnance. Statements expressed are those of the authors and 
should in no way be construed as the opinion of the United States Navy. 

? Professor of Applied Mechanics, Department of Mechanical Engineering, Massachusetts 
Institute of Technology, Cambridge, Massachusetts. 

* Assistant Professor of Mechanical Engineering, Department of Mechanical Engineering, 
Massachusetts Institute of Technology, Cambridge, Massachusetts. 
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This paper considers the effect of various theories of strength on the 
design of open-ended thick-walled compound cylinders subjected to ; 
statically applied uniformly distributed internal pressure. The cy)- 
inders are assumed to be of infinite length, such that end effects can he 
neglected. In addition, axial stresses that might be produced through 
shrinkage in assembly are neglected. Henceforward the component 
cylinders will be referred to as the first tube, second tube, etc., designat- 
ing the innermost tube as the first, etc. Calculations have been made 
as general as possible in order to consider a wide range of materials, 
However, in the determination of shrinkages and deformations, a 
Poisson’s ratio of 0.3 for steel was used in order to simplify the graphical 
presentation. 

The compound cylinders treated in this paper consider only the most 
efficient design, namely, simultaneous yielding in all component tubes 
under the action of bore pressure and according to the theory or theories 
of strength applied. In some instances such a situation may not be 
desired because of certain difficulties encountered in the state of rest, 
i.e., when the bore pressure is removed. A treatment of these latter 
cases will be discussed in a forthcoming publication. 


NOMENCLATURE. 
The following nomenclature has been used in this paper: 


R,—the bore or internal radius. 
R,,—-the external radius of the mth tube or the internal radius of 
the (x + 1)th tube. 
r—the radius at an arbitrary point in the compound cylinder. 
bo, Po—the bore or internal pressure. 
b,—the pressure produced at R, by shrinkage of a tube or nest 
of tubes having an internal radius of R, onto a tube or nest 
of tubes having an external radius of R, (plus the shrinkage), 
referred to as the shrink-fit pressure. 
P,,—the pressure in the state of action at radius R,. 
E—the modulus of elasticity of any tube. 
v—Poisson’s ratio. 
S,—the radial stress in the cylinder at any arbitrary radius. 
S,—the tangential stress in the cylinder at any arbitrary radius. 
Note: A second subscript is used to designate the position 
of the stress. For example Sr; is the radial stress al 
radius R;, St, is the tangential stress at radius R,,. 
So—the yield stress of all tubes in simple tension. 
So'—the effective stress caused by the state of combined racial 
and tangential stress at any point in the cylinder. 
(.So’),n—the effective stress at radius R,. 
u—the radial deformation of the cylinder at an arbitrary radius. 
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U,—the radial deformation at radius R,. 

U—the radial shrinkage existing between tubes or groups of 
tubes for corresponding radii prior to assembly. 

U,—the radial shrinkage existing at radius R, between the nth 
and (m + 1)th tube. 


THEORIES OF STRENGTH. 


Numerous theories of strength have been proposed to predict yield- 
ing or failure under states of combined stress for various types of ma- 
terials. Although considerable attention has been given in recent years 
to the widely accepted distortion-energy criterion for yielding of ductile 
metals, design procedures are still followed wherein other theories of 
strength are used, through reasons of simplicity or available experi- 
mental evidence. Brittle and quasi-brittle metals exhibit strength 
characteristics under combined stress which do not follow the distortion- 
energy criterion. In order to make this treatment as general as possible 
six theories of strength are considered and compared in the design of 
compound cylinders. It is left to the designer to select the appropriate 
theory for his material. Indeed, certain instances may arise where two 
or more strength theories may be dealt with in a single compound 
cylinder, i.e., brittle cast iron liners (first tubes) backed by ductile steel 
jackets (second tubes). The theories of strength considered are: 


(a) Maximum Stress Theory.—As proposed by Rankine for brittle 
materials, the tendency to failure is measured by the greatest tensile or 
compressive stress, which is equal to the corresponding value in simple 
tension. Expressed analytically, under a state of combined principal 
stresses S;, S, and S3; where |.S,| >|S2| > |S3|, failure occurs when 


| Si] = So (1) 


where So is the stress for failure in simple tension. 

(b) Maximum Strain Theory.—The Maximum Strain Theory, as 
suggested by Saint Venant, assumes that the greatest absolute elastic 
strain is the criterion for yielding. This value is considered to be con- 
stant at yielding regardless of the stress ratio. This condition may 
thus be expressed as 


|S; a v( Se + S3) | ae So (2) 


> ae : Se ae 
where 4 ~—- (S. + S$3)| is the greatest principal strain in absolute 


value. 

(c) Total Strain Energy Theory.—This theory as proposed by Haigh 
and Beltrami assumes that the total strain energy under any state of 
combined stress is constant for beginning yielding. This statement 
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may be resolved mathematically into 
S?+ S:? + S3* _ 2v(.S1S2 +- SoS3 4+ S351) = Se. 3) 


(d) Distortion-Energy Theory.—The widely accepted distortion- 
energy criterion for the yielding of ductile metals suggested independ- 
ently by von Mises, Huber, and Hencky, assumes that the strain energy 
associated with the distortion of the material be constant under all 
states of combined stress for initial yielding. This energy is readily 
found by subtracting the strain energy due to volume change from the 
total strain energy, and mathematically is expressed as 


(S; = S»)? -f- (Se arin S3)? + (S3 — S1)? = 2So?. 4 


/ 


(e) Maximum Shear Theory.—This theory, attributed to both Cou- 
lomb and Guest, defines the maximum shearing stress as the criterion 
for yielding. Thus if S; > S, > S3, then 


Sy — S; = So \0) 
for initial yielding. 

(f) Shear-with-Friction Theory.—As proposed by Duguet, yielding 
is governed by a critical shearing stress on one of three planes in a three- 
dimensional state of stress. However the effect of the normal stress 
through the action of internal friction is considered, and this acts to 
rotate the plane of maximum shearing stress from that of the maximum 
shear theory. For any plane inclined to two principal stress directions 
and containing the third 


ik Meme + IS. (0 


where 7» is the critical shearing stress, 7, and S, the resolved shearing 
and normal stresses, respectively, and f a coefficient of internal friction. 
Duguet claims to have found by many experiments that for yielding by 
shear under simple tension, the planes of failure make angles of 40° with 
the normal, while for simple compression this angle is 50°. By maxim- 
izing equation (6) under these conditions, he determined f to be 0.176. 
When S; > S. > S3, equation (6) may then be expressed as 


To = 0.608; — 0.42.5 3° \" 
For simple tension equation (7) reduces to ro = 0.60S9. Thus the 
shear-with-friction criterion for yielding in terms of the yield stress in 


simple tension becomes 
So = Si — 0.7.S3. {o 


This criterion of yielding gives different yield strengths in simple tension 
and compression. If So, is this value for simple compression, it is seen 
from (8) that Sp = — 0.7So.. 

The various strength theories described above may be represented 
graphically for all possible plane stress combinations as shown in Fig. | 
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when y = 0.3. This figure clearly shows that for any one case of com- 
bined stress, the various strength criteria considered predict widely 
different stresses for beginning yielding. 

The notation indicating the various theories of strength used in this 
figure is continued throughout the paper. This notation is as follows: 


A. Maximum Stress Theory. 

B. Maximum Strain Theory. 

C. Total Strain Energy Theory. 
D. Distortion Energy Theory. 
EK. Maximum Shear Theory. 

KF. Shear-with-Friction Theory. 


DETERMINATION OF EFFECTIVE STRESS. 


For any state of combined stress where the stresses are known, it is 
particularly desirable to calculate.one value of stress from the strength 
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theory considered which then may be compared with the yield stress 
to determine (a) whether yielding will occur or (d) the factor of safety 
that exists for this particular state of stress. This stress value has been 
given various names in the literature and in this paper it will be referred 
to as the “effective stress,’’ with the notation S)’. Thus the criterioy 
for yielding with a particular strength theory may be expressed simply as 


So’ = So Q) 
and the factor of safety as 


So 
So’ 

The effective stress may be determined analytically if the principal 
stresses are known, through the use of equations (1), (2), (3), (4), (5), 
or (8) where S» is replaced by So’. For cases of plane stress, a graphical 
determination of effective stress is useful, particularly for the more in- 
volved strength theories. This is done by constructing a curve of state 
of stress vs. effective stress. Consider, for example, the distortion- 
energy strength criterion in two dimensions 


S;? _ AYRY 4. S,* = (Sq )?. (11 


. Equation (11) may then be rearranged as 


(10 


Factor of Safety = 


Assuming |.S;| > |S: 


and S,/So’, plotted as ordinate for values of the stress ratio —1 2 = 
1 
Thus with the principal stresses known, the stress ratio may be calcu 
lated, the term S,/So’ found from the plot of equation (12) and the 
effective stress evaluated. 

The various strength theories considered in this paper have been 
represented in this manner in Fig. 2. Radial and tangential stresses 
S, and S, replace S; and S; because of the axial symmetry of the problem 


he ; 
When — 1 Z >. ~ 1, the coordinates are S;,/So’, and S,/S;, whereas i! 
Ot 
S ; : ce 
—1 <= <1, the coordinates of this figure are S;/So’ and S,/S;. The 


ia 
shear-with-friction theory presents certain difficulties when represente( 
in this fashion because of its non-symmetry in two dimensions (sec 
Fig. 1). For this reason, when the stress ratio is positive, two curves 
exist, namely, when S; ~ 0 and S; $ 0. When the stress ratio is neg: 
tive, two other curves are found, namely, when |.S,| >{.S,| and when 
|.S,| <|.S,|, assuming that S, is negative for all possible cases. 
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ANALYSIS FOR STRENGTH. 

For a thick-walled open-ended cylinder of internal radius R,_; and 

external radius R,, subjected to an internal pressure P,_; and external 

pressure P, both considered to be positive, the radial and tangential 
stresses at any intermediate radius 7 are readily found to be 4 


ee A ( =} ee, + ID (=) 
4 o A Ri-i = r 


Ra: i oe ) Sy 
ja e wd 
( Ry-1 ) : pane 
n . R, . 
P..-P.(2 ) (Poi.:~ FP) (#) 
n—I1 
ee 
Ka-1 Fe at ‘f 
lt should be noted that these stress expressions are independent of any 


elastic constants. In general the greatest effective stress will occur at 
the inner radius, so that in future calculations only stresses and strengths 


(13) 


S; = (14) 


* This solution is attributed to Lamé, ‘“‘Lecons sur la theorie . . . de l’elasticité.’’ Paris, 
1852, 
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at the inner radius of any component tube of a compound cylinder wil 
be considered. Equations (13) and (14) then reduce to 


Syn 5 See. ae Frente (15) 


R, \' KR, \' 
C2 Et, | 


St i ( Rn ) = ‘2 ; I, LO 
| Se Baxi 
the stress subscript referring to the location of the stress in the cylinder. 
The simplest case to determine is that of a single tube (nm = 1). 
Here the external pressure is atmospheric, and is taken as zero. Th 
bore stresses then reduce further when subjected to a bore pressure / 
Here Ro and R, are the radii of the tube. Thus 


e 


Sro = —_ Po, \ 17) 
(#: +1 
cS 0 r 


i = ( y ay * Po. 
Ro 


The strength of single tubes may be found by evaluating equations (17 
and (18), from which the effective stress is determined by the previous 
section. More generally, if (17) and (18) are rewritten as 


the stress ratio then becomes 


(Ey 
Sre Ro 


Si (2)"+ 1 
Ry 


from which .S;,/(So’)o is found from Fig. 2 for a particular wall ratio. 
Sto r Sto 
(So’)o Po 
This expression is a dimensionless measure of the strength of the cylinder 
for a particular wall ratio and strength theory. Fig. 3 expresses this 


By performing the division , the term Po/(So’)o is found 
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strength term graphically as a function of wall ratio for each of the six 
yielding criteria considered. For a known wall ratio and strength 
theory, the strength po/(So’)o is found. This term may be interpreted 
in two ways. By using a predetermined yield stress in simple tension, 
the bore pressure necessary to cause yielding may be found, since 


(Sy')o = So at yielding. Correspondingly, with the bore pressure given, 
Lo 
fo 
35 
2 
—" 
A 
8 = Seen 


j 
ELASTIC STRENGTH 
| OF 

SINGLE TUBE CYLINDERS 


l FOR 
VARIOUS TUBE RATIOS 


10 4 8 2.2 26 0 3.4 3.8 


FIGURE 3 


the effective stress (.So’)9 is evaluated and compared with the yield stress 
of the material to determine the factor of safety. 

For compound cylinders, the strength may be found readily by a 
simple graphical procedure, developed by the authors for the Bureau 
of Ordnance, U. S. Navy, and intended for applications where each 
component tube will yield simultaneously under the action of a certain 
bore pressure. This yields the maximum bore pressure obtainable 
elastically for any combination of tubes. By rewriting equations (15) 


400 


and (16), 
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suitable wall and pressure ratios. For each wall and pressure ratio 
stress ratio is found, from which 5S,,_,/(So0’)n-1 or Sz,_,/(So0)n—1 is d 
termined from Fig. 2 fora particular strength criterion, and P,_1/(.S 
+} 


evaluated as before. 


« Pr 
( So’ ) n—1 


Then P,,/(.S0’),—1 1s plotted vs. P,,/Py_1. 


out for a range of wall ratios and for pressure ratios of 0 < - 


and represented graphically for the six strength theories in Figs. 4 to ’. 


It will be found convenient to determine fo: 
case considered the term P,,/(.So’),—1, and this is readily done since 
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Considering a compound cylinder, the outermost tube is given the 
notation + 1, with the radii R, and R,4; and internal pressure P,,. 
Its adjacent inner tube is the mth tube with radii R,_; and R, and pres- 
sures P,-; and P,. A similar notation is given to the other tubes. 
The strength of the outside tube P,/(So’), is first found, following the 
analytical procedure outlined above for single tube cylinders, or by 
applying Fig. 3, using the strength criterion desired and the proper wall 
ratio. If (So),-1 is the yield strength of the adjacent inner tube, then 


. . Ie Pa Si n . 
P,,/( So')n—1 is found since Ga. = (So’)n ; aie .* With the strength 


La 4 
Pa 
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criterion selected for this tube, recourse is had to the appropriate one 
of Figs. 4 to 9. Using P,/(So’),-1 as ordinate, the abscissa P,,/P,_1 is 


. (le P's F's . 
lound for the known wall ratio. Thus ——— = -;,— + >— 3S 
(So’)n—1 (So’)n—1 Peat 


found for the inner tube. The procedure is continued for all the 
component cylinders, applying the particular wall ratio, yield strength 
and yielding criterion applicable to each component cylinder. Finally 
the term Po/(So’)o is found for the innermost tube from which the bore 
pressure po = Po is determined for a particular yield stress or effective 


stress, 


* This adjustment is necessary to maintain a constant factor of safety in all tubes. 
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As an example, consider the extreme case of a compound cylinder 
with component wall ratios R;/Ro = 1.2, Re/R; = 1.4, R3/Re = 1.3 and 
R,/R; = 1.2. Assume that the yield strength of the first tube is 70,000 
psi and subject to the Maximum Stress Theory, that the second tube 
obeys the Maximum Strain Theory with a yield strength of 80,000 psi, 
that the Distortion Energy Theory is to be used for the third tube with 
a yield stress of 60,000 psi, and finally the fourth tube has a yield value 
of 40,000 psi according to the Maximum Shear Theory. The bore 
pressure necessary for each component cylinder to yield simultane- 
ously by its proper theory may then be found as easily for this ex- 
ample as for the case of equal yield stresses and identical strength 
criterion in all the component tubes. For the outer tube, with wall 
ratio 1.2, P3/(So’)3 = 0.152 from Fig. 3, using the Maximum Shear 
Theory. Here P; is the pressure acting at R3 and (So’)3 the effectiv 
stress for the fourth tube. For the third tube 


2 
Ps Pay, Sols _ 9 159 y¢ 40,000 


dl re ; en oe ONES, 
(Sate: teats” lSels 60,000 ' 


Using the Distortion Energy Theory, Fig. 7, for a wall ratio of 1.3 
P3/P.2 = 0.290 so that 


P, P; 3 P; .0946 29 


_ — ) 


(So’)2  (So’)2 Pe  .290 


Va 


and for the second tube 


P, P, (So)e 60,000 
: : > _ 932 , a 
0.520 X 35 000 


— 0.245. 
(So); 


oy ie 


Since the Maximum Strain criterion is applicable for the second tube 
from Fig. 5, with a wall ratio of 1.4, Pe/P; = .413, and 


P, 2s 


——- = = = 0.592. 
(So°)1 (So')1 P, 413 
Finally for the first tube 
So) 80,000 PO 
it wt. x 291 _ 9.592 x cee in GN 


0... oC eee 
Since the Maximum Stress Theory applies to the liner, and the wall 
ratio is 1.2, P;/Py) = .691 from Fig. 4. Then 


Po P, te Py ? P, ag .677 


ee a eee ey 
(.So’)o (So’)o (So0’)o Po .691 


Letting (So’)o = (So)o then Po = .979 x 70,000 a 68,600 psi for simul- 
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linder taneous yielding in all tubes. If (So’)o & F.S. = (So)o, then 

- and .979 X 70,000 

(0,900) po = mie eames 

| tube 

10 psi, and each tube will have this same factor of safety. 

» with Not all combinations of wall ratios and strength theories will lead 

value to simultaneous yielding of the component tubes of compound cylinders. 

bore The method outlined above for computing the bore pressure and the 

Itane- intermediate pressures will readily determine whether such a combina- 

iS ex- tion is possible. When no value of pressure ratio P,,/P,_; exists for any 

ength one of Figs. 4 to 9 with a known value of P,,/(.So’)n—1 and wall ratio 

. wall R,/R,»-1, that particular tube cannot yield simultaneously with previ- 

Shear ously considered outer tubes. 

tive Having determined the bore pressure po and the intermediate pres- 
sures P;, Po, etc., it is necessary to examine the effective stresses in the 
state of rest, i.e., when the bore pressure has been reduced to zero. For 
practical cases in the state of rest the effective stress at the inner radius 
{ any component tube is generally the largest. The stresses at this 

13 point are those of equations (15) and (16) when reduced by relief of 


the bore pressure or 


(*)’- 1 
r 


mp ee eee (24) 
(z)-) 
(Es 
Sep Mee et 
“TES> 
rubs | ae 
2( =) (Ey 41 
a P, -— : Po (25) 


a Ge 
ae Ro 
where pp is the bore pressure, Ro the bore radius and R, the outer radius 
of the compound cylinder. Since Po, P,-1 and P, have been determined 
by the above analysis, equations (24) and (25) are readily evaluated. 
The effective stress for each tube in rest is found by determining the 
wall stress ratio and making use of Fig. 2 for the proper strength criterion 
as previously described. Should the effective stress exceed the yield 
strength of the tube material, then yielding will occur in the state of rest 
for the compound cylinder in question, and, hence, this cylinder is not 
suitably designed. It will be found convenient to determine for the 
component tube the dimensionless ratio P,~;/(So’),-1 as previously 


nul- 
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found for the state of action, to serve as an indication of pe eeth. 
Thus the rest strength at the bore of the cylinder becomes ),/5,'. 
Yielding will then occur in rest for a particular tube when 


: gree nae Face (26) 
(So')n—1 (So)n—1 . 


ALTERNATIVE METHOD OF STRENGTH ANALYSIS. 

An alternative method may be used for the determination of bore 

and component tube pressures for any multi-tube cylinder subjected to 

simultaneous yielding conditions. In this method the graphical repre- 

sentation of the strength theories given in Fig. 1 is used when 5, is 
replaced by So’ together with equations (15) and (16).* 


* Equation (16) is first rewritten as 


R. \2 ; es 
Seas et JE Bs ck (az) x ae ~ 
(So’ )n—1 (= y a " (So!)n—1 a) a (So’)n—1 ey 
Rai Re 
It is seen that (26a) is the equation of a straight line when represented on the coordinates of 
Fig. 1, since by equation (15) P,.1 = — S,,_,. Here P,/(So’)n-1 merely acts as a parameter, 


and is assumed to be known for the wall ratio and strength theory in question. The inter- 
section of (26a) with the proper strength theory curve then determines the radial and tangential 
stresses necessary to produce the required yield stress for the component tube. 

As an illustration of the method, consider again the above example. The outer tube is 
first analyzed, having a wall ratio of 1.2 and a yield stress of 40,000 psi subjected to the Maxi- 
mum Shear Theory. Here m = 4 and equation (26a) becomes 


Sts - Sea 
= — 5.546-—-- 
Gn els 
This equation is represented on Fig. 10 which is identical with Fig. 1. Intersection with curve 
E gives S,,/(So')s = — .152, S:,;/(So’)s = .845. For the third tube, subjected to the Distortion 
Energy Theory, having a wall ratio of 1.3 and a yield stress of 60,000 psi, equation (26a) becomes 
Ste P, Ps; 
— 7 = 3.899 — — 4.899 —— 
(So’)e (So : (So’)e 
40,000 s 
= 99 ——*- + 4.899 : i 
— 3.899 7535, + 4.899 X Fo 900 X (Sas 


by making the necessary substitutions. Since S,,/(So’)s is known from above, this expression 
is represented in Fig. 10 from which for the Distortion Energy Theory (curve D) 5,,/(So'): 
= — .326 and S;,/(So’)z = .795. The process is continued for the second tube having a wall 
ratio of 1.4, a yield stress of 80,000 psi, according to the Maximum Strain Theory. Equation 
(26a) then simplifies to 


a Srs 60,000 

TS’), = — 3.083 —~- a (Se’; + 4.083 —*- (So's x 80,000 
Plotting this equation on Fig. 10, for the Maximum Strain Theory (curve B) S,,/(So’): = — .59” 
and S;,/(So’); = .821. Finally for the first tube with ratio 1.2 where the Maximum Stress 
Theory has been adopted for a yield stress of 70,000 psi, equation (26a) may be expressed as 

She Sr Sn, 80,000 

(Se’o = — 5.546 — (Se’)o + 6.546 —— (Se): X 70,000 
The intersection of this equation with curve A of Fig. 10 gives S,,/(Se’)o = — .979 and 
Sto/(So’)e = 1.000. Since pp = — S;,, the maximum allowable bore pressure for this com! bina- 


tion of tubes under simultaneous yielding conditions is po = .979 X 70,000 = 68,600 psi 
as above. 
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DETERMINATION OF SHRINKAGES. 


To complete the design of a compound cylinder for simultaneous 
yielding there remains the determination of the proper shrinkages which 
will produce the necessary pressures between the component tubes in 
the state of rest. In this paper shrinkage is defined as the difference 
between corresponding radii of the partially assembled compound cyl- 
inder and the next component tube prior to its assembly. It should be 
pointed out that the method of assembly, i.e., the sequence in which 
tubes are added in assembling the compound cylinder, influences the 
values of these shrinkages. To eliminate the many variables that could 
occur in building up a multi-tube cylinder, the method of assembly most 
frequently used will be adopted, namely, the addition of the adjacent 
outside tubes starting from the second tube, followed by assembly of 
the whole onto the liner or first tube. Thus for a four-tube cylinder, 
the second tube is followed by the third, followed by the fourth, and 
finally the first is added. This method of assembly is called two- 
three-four-one. 
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It will be found convenient to determine the shrink-fit pressure, i.¢,. 
the pressure which is developed between the partially assembled cylinder 
and the newly added component tube. The shrinkages may then be 
readily found from this pressure. These shrink-fit pressures can be 
determined from the pressures existing between the cylinders in action, 
namely, P;, Ps, P3, etc. Letting p1, pe, ps, etc., be the shrink-fit whe 
pressures, for a four-tube compound cylinder assembled as above, then 
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These expressions are readily calculable from equation (13). 

From the expression for radial deformation of a thick-walled open- 
end cylinder acted on by an internal pressure P,_, and an external 
pressure P,,, that is, 


l—vp Ry-1?- Pr-1— R,?- Pn 1+v Rn—1?- Rn?(Pn—1—P rn) > 
e - oe bt . (30) 
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where U; is the radial shrinkage at Rj, etc., as described above. For 
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FIGURE II 


three-tube cylinders equations (27) to (29) and (31) to (33) may be used 
where Ry = R3. For two-tube cylinders Ry = R3 = R2. 

During the assembly of the compound cylinder, the dimensions of 
the component tubes undergo deformations and certain of these defor- 
mations must be determined before the shrinkages of equations (31) 
to (33) can be applied. For the four-tube cylinder assembled in the 
manner two-three-four-one the deformation of the external radius of 
the third tube R3, following its shrinkage upon the second tube, and the 
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deformation of the internal radius of the second tube following the as- 
semblage of the three outer tubes must be computed. Using the shrink- 
fit pressures of equations (27)—(29) and equation (30), these deforma- 


tions are 
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From equations (31)-(33) together with equations (34) and (35), the 
shrinkages of the unassembled tubes can be found. Denoting the un- 


May, 


assen 


SEL 


It 
tubes 
yield 
given 
comp 
vieldi 
condi 
the si 
from 


J. 


FT 


= as- 
rink- 
rma- 


(34) 


_ the 
> un- 


May, 1947-1 ComMPoUND CYLINDER AND STRENGTH PROBLEM. 41! 


af | // 


TY 


B 
| 
| 
| 
| 


titer 1 a 


| 1 
STRENGTH OF TWO TUBE CYLINDERS 
| ny) \ 
es STATES OF ACTION AND REST 
FOR 
DIFFERENT INTERMEDIATE 
TUBE RATIOS 


os wien ®2 «4.00 
Ro 


0.0 | 
1.0 14 18 2.2 2.6 3.0 3.4 R, 


FIGURE 13 Re 


assembled shrinkages with a prime mark, these are 


U,' = U, — u, 
U,' = U2 
U;' = U3; — Us 


SELECTION OF COMPONENT WALL RATIOS FOR MAXIMUM STRENGTH OF CYLINDER. 


It has been pointed out that for any combination of component 
tubes in a compound cylinder, maximum strength occurs when all tubes 
yield simultaneously. The question now arises as to whether, for a 
given overall wall ratio of a compound cylinder, certain combinations of 
component wall ratios will predict greater strength under simultaneous 
yielding conditions than others. Formal analysis for this optimum 
condition is quite tedious in multi-tube cylinders, except perhaps for 
the simpler strength criteria. Certain examples have been worked out 
from which one may generalize with few exceptions that for a given 
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theory of strength and a particular overall wall ratio, the cylinder havin, 
equal component wall ratios will be found to be the most efficient. 
Examples have been carried out for certain combinations of two- 
and three-tube compound cylinders using strength theories B, C, |) 
and E (see above), and are illustrated in Figs. 11 to 18. For the two- 
tube cylinder overall ratios of 1.69, 2.56, and 4.00 are considered for a 
number of combinations of component tubes. With the exception of 
the Maximum Strain Theory (B), maximum strength in action occurs 
when the wall ratios are equal, and the deviation in the case of the 
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Maximum Strain Theory is small. The effective stresses in the state 
of rest are also included in Figs. 11 to 13. Here the subscript 5, 
indicates <trength in rest at Ro while S,’ denotes the rest strength at X; 
according to the particular theory of strength. Minimum bore strength 
will be observed when the component wall ratios are equal for the cases 
considered. When the wall ratio of the first tube exceeds that of the 


outer tube, minimum strength in the state of rest is found at the inner 


radius of the outside tube. 

Strengths of certain three tube cylinders designed for simultaneous 
yielding are shown in Figs. 14 to 18 for the theories of strength indi- 
cated. Component wall ratios for each of the points plotted are indi- 
cated by the key included in Table I. 
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Taste I. 
Key for Figures 14 to 18. 


Number Ri/Ro- R2/Ri | R3/R2 R3/Ro 

1 1.3 1.3 1.3 2.195 
2 1.3 1.3 1.6 2.70 
3 1.3 1.6 Ls 2.70 
4 1.6 1.3 bo 2.70 
5 1.4 1.4 1.4 2.745 
6 1.3 1.6 1.6 3.32 
7 1.6 1.3 1.6 3.32 
8 1.6 1.6 3 3.32 
9 iS 1.5 i 3.375 
10 1.3 13 2.0 3.38 
11 1.3 2.0 1.3 3.38 
12 2.0 1.3 1.3 3.38 
13 1.6 1.6 1.6 4.09 
14 1.3 1.6 2.0 4.16 
15 1.3 2.0 1.6 4.16 
16 1.6 1.3 2.0 4.16 
17 1.6 2.0 1.3 4.16 
18 2.0 1.3 1.6 | 4.16 
19 2.0 1.6 1.3 4.16 
20 1.6 1.6 2.0 5.12 
21 1.6 2.0 1.6 S12 
22 2.0 1.6 1.6 5.12 
23 1.3 2.0 2.0 5.20 
24 2.0 1.3 2.0 5.20 
25 2.0 2.0 1.3 5.20 
26 1.74 1.74 1.74 5.27 
27 1.85 1.85 1.85 6.33 
28 1.6 2.0 2.0 6.40 
29 2.0 1.6 2.0 6.40 
30 2.0 2.0. 1.6 6.40 
31 | 2.0 2.0 2.0 8.0 


For a particular strength theory, a curve drawn through the upper 
boundary of the plotted points contains only those combinations where 
the wall ratios of the component tubes are equal. Unequal wall ratios 
having the same overall ratio give lower strengths under simultaneous 
yielding conditions. 

COMPARISON OF STRENGTH THEORIES FOR COMPOUND CYLINDERS 
OF MAXIMUM EFFICIENCY. 

Figure 3 and Figs. 19-21 include curves of strength for compound 
cylinders of one, two, three and four component tubes respectively 
having equal wall ratios under conditions of simultaneous yielding for 
both the states of action and rest. From these figures there may be 
readily observed the comparative strengths of the various yielding 
criteria considered in this paper. 

For the single tube cylinder, Fig. 3, the strength defined above as 
bo/ So’ increases rapidly for small changes of wall ratio when the wall 
ratio is low, and approaches a limiting strength as the wall ratio becomes 
quite large. Wide variation in the predicted strength will be observed 
for the various strength theories. For example, the most conservative 
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Maximum Shear Theory predicts strengths about one-half of the least 
conservative Maximum Stress Theory when the wall ratio is large. The 
other theories fall within these bounds. Of particular interest is the 
close agreement between the widely-accepted Distortion Energy Theory 
and the Shear-with-Friction Theory. This is not surprising in view of 
the close agreement of these two theories over a portion of the fourth 
quadrant of Fig. 1. 
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The strength of the two-tube cylinder is depicted in Fig. 19. kor 
low wall ratios the spread of the curves is not as marked as in the single 
tube case, and a convergence is indicated as the wall ratio is increased. 
The Maximum Stress Theory (A) rapidly reaches its limiting strength 
of po/So’ = 1.000, and the Maximum Strain Theory (B) shows a dis- 
continuity in slope, reflecting the discontinuity in slope found in the 
fourth’ quadrant of Fig. 1 for this theory. Agreement between the 
Distortion Energy Theory (D) and the Shear-with-Friction Theory (!') 
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becomes poorer for large wall ratios. Strengths at the bore in the state 
of rest are included and indicated by the subscripts. For low wall ratios 
those theories which are conservative in action are also conservative in 
rest, but as the wall ratio increases, this condition reverses itself. 
Strengths in rest for the Shear-with-Friction Theory are too large to be 
included on this figure and serve to indicate that this theory is far too 
optimistic in predicting strengths in compression. 


04 : + t 
STRENGTH OF THREE TUBE CYLINDERS 
| i 1N | 
STATES OF ACTION AND REST 
0.2-— 4 + FOR 4 
VARIOUS OVERALL WALL RATIOS 
Re Rs *fs 
Ro Ry Re Ro 
0.0 . n " 
1.0 L2 1.4 2.0 


1.6 1.8 
FIGURE 20 


In the three-tube compound cylinder, Fig. 20, strengths in action 
for low wall ratios behave similarly to the single and two-tube cylinder. 
For larger tube ratios certain strength theories such as (A), (C) and (E) 
reach limiting values while certain of the more conservative theories 
now exceed them in strength. The Shear-with-Friction theory becomes 
exceedingly optimistic in its predicted strength. Fora given component 
tube ratio, strengths in action are greater than for the two-tube cylinder, 
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while strengths in the state of rest are lower. As before the Shear-with)- 
Friction theory is excessive in the state of rest. 

The four-tube cylinder shows the same trends as the three-tube case. 
Most of the theories have approached their limiting strength in action, 
while strengths for any given component tube ratio are somewhat higher. 
Rest stresses are correspondingly lower than for the three tube case. 

For any particular theory the design limitation would be that com- 
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ponent wall ratio when the strength in action and rest are equal. This 
component wall ratio decreases as the number of component tubes in- 
creases. Thus for the Distortion Energy Theory (D), the limiting wall 
ratio is infinite for a single tube cylinder, 3.65 (by extrapolation) for 
the two-tube case, 1.520 for three tubes, and 1.297 for four tubes. This 
corresponds to an overall ratio of 13.3 for two tubes, 3.505 for three 
tubes and 2.835 for four component tubes. The strengths correspond- 
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ing to these ratios drop from 0.998 for two tubes to 0.940 for three tubes 
and to 0.901 for four tubes. It is evident, then, that the efficiency of 
the section increases considerably as the number of component tubes 
increases, while the maximum available strength’ for equal yielding 
conditions in action and rest decreases. 


CURVES OF SHRINKAGE. 


The curves of shrinkage as a function of the component wall ratio 
for compound cylinders yielding simultaneously with equal wall ratios 
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are included in Figs. 22, 23 and 24 for two- and three-tube cylinders. In 
Fig. 22, for two-tube cylinders the dimensionless term U,/’ = EU,/So'Ro 
is used to represent the radial shrinkage between the two cylinders and 
the data in this figure may be calculated from, equation (31) when 
R, = R», using the shrink-fit pressures associated with the different 
strength theories. No great difference in shrinkages for the various ° 
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strength theories is noted when the wall ratio is small, but the divergence 
and spread is quite marked above a wall ratio of 1.5. 

For three-tube cylinders when the method of assembly is two-three- 
one, the shrinkages at R; and R, are included in Figs. 23 and 24. The 
spread is quite noticeable over the range of wall ratios considered for the 
radial shrinkage U;, and three of the theories show discontinuities in 
slope, corresponding to the discontinuities in slope in the strength 
curves, Fig. 20. The shrinkages at R: for the various strength theories 
are not markedly different until the larger cylinders are approached 
when divergence begins. Only the Total Strain Energy Theory (C) 
shows a noticeable discontinuity in this figure. 


SUMMARY. 


A general discussion is given of the effects of various strength theories 
on the design of compound cylinders. Six different yielding criteria 
have been examined. These include some of the oldest and also the 
latest theories of strength. New short design procedures of general 
application are suggested which will serve to reduce the time ordinarily 
required in such calculations. The methods used are flexible since 
compound cylinders composed of tubes of different materials and follow- 
ing different strength theories can be handled as easily as a cylinder 
composed of tubes of only one material. Considerable design informa- 
tion of immediate application is included. 
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Refining Vegetable Oils by Petroleum Methods. (Chemical Engineering, 
Vol. 53, No. 12.)—By the application of various engineering principles and 
techniques developed in their work in the petroleum refining industry, and in 
addition, by the utilization of chemical engineering methods, the M. W. Kel- 
logg Co. has developed a new process for the refining of vegetable oils, fish oils, 
animal fats, waxes and fatty substances in general. While it has only recently 
been announced it has been quietly winning acceptance in industry since the 
end of the war, notably in paints and varnishes, soaps and related products, 
vitamins, and various edible oils. At present seven commercial plants are 
under construction in the United States and abroad. 

The Solexol refining process is a solvent (propane) extraction and fraction- 
ation method. It is a countercurrent process which works automatically in a 
completely closed system. The solvent follows a circulating course around the 
system and is used over and over again. It costs less than five cents a gallon 
and the loss, as it circulates repeatedly through the columns, is so small as to 
be an insignificant factor of operating cost. The process deodorizes, decolor- 
izes, extracts, and concentrates the basic factors of the oils and fats. 

On the economic side, the process is said to assure increased earning power 
to oil processors through two advantages: (a) low cost of operation; and (6) re- 
covery of various products having high market value from oils which in their 
present state sell at low prices. 

While it is applicable to all types of vegetable oils, the process work to date 
has been concentrated on soybean oil and cottonseed oil. Refining of soybean 
oil by this method has brought forth a diversity of oil products, both edible and 
industrial, which have already established their marketability. For example, 
100 Ib. of soybean oil, when processed, yields various fractional oils—decolor- 
ized, deodorized, and refined. The yield includes: 68.5 lb. of salad oil, 30 Ib. of 
quick drying paint oil, and 1.5 Ib. of lecithin and other products. 

R. H. OPPERMANN. 


Old Process Solves Gas Turbine Problem. (Power Plant Engineering, 
Vol. 50, No. 12.)—Mass production of precision-cast blades for aviation gas tur- 
bines is now possible by using a 16th century wax model process originated by 
the Florentine sculptor, Benvenuto Cellini. A precision-casting laboratory set 
up by the Westinghouse Electric Corp. is producing metal turbine blades by 
this process. : 

Turbine blades were previously stamped out of red-hot metal by a heavy 
forge. Development of a more durable metal alloy made the blades so hard 
that the drop forge dies suffered excessive wear and frequently broke. Using 
the wax model process, blades are now turned out as precisely as if each had 
been machined on a lathe. The only machining now required is in making a 
master pattern of the turbine blade desired. A metal die is made from the 
master pattern and molten wax injected into it to produce a wax model. 
Twelve of these models are mounted on a wax base and covered with a metal 
flask into which is poured a mixture of clay and silica. When the cement 
hardens, the flasks are put into an oven where the wax melts and burns away, 
leaving cavities in the cement into which molten metal will be poured to form 
the finished turbine blades. 


R. H. OpPpERMANN 
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NOTES FROM THE NATIONAL BUREAU OF STANDARDS.* 


STANDARDS FOR ANALYTICAL FILTER PAPERS. 


Standards of quality for analytical filter papers, previously non- 
existent for this important item in chemical research and analysis, are 
being developed by the Bureau’s Paper Laboratory through a critical 
evaluation of all currently available brands. Based on improved test- 
ing methods perfected at the Bureau, together with established proce- 
dure for certain basic determinations, it is believed the standards finally 
recommended will provide a ready means of determining the suitability 
of a particular paper for its intended use. Requirements will be in- 
cluded for the three classes of general analytical work involving coarse, 
medium, and fine precipitates. 

Analytical filter papers, like many other laboratory materials, have 
an importance to science and industry far in excess of their dollar value. 
Many industrial processes require quick, accurate analyses for their 
control and these depend, in many cases, on the speed, retentiveness, and 
purity of the filter paper used in making the analyses. 

Filter papers have been used and bought by brand names, practically 
as a tradition among laboratory workers, and preference has usually 
been given to imported papers, most of which have come from England, 
Germany, and Sweden. When the war made supplies from these 
sources uncertain, American manufacturers began production of grades 
of analytical papers that had not previously been made in this country. 
In order to provide data that would be useful as a guide to manufactur- 
ers and users in comparing the quality of different papers, as well as to 
eliminate dependence on brand names, the Bureau undertook an in- 
vestigation of the physical and chemical properties of the papers. 

Improved methods were developed for determination of rate of flow 
of water through the papers, retention of fine precipitates, and ash con- 
tent, as well as a method for measuring the bursting strength of wet 
paper. Density, purity of cellulose, and acidity, for which definite 
testing procedures were already available, are also important deter- 
minations. 

The method for rate of flow of water is of special interest. Unique 
in that it does not require the use of special, complicated apparatus, it 
posesses the advantage of simulating the manner in which filtrations 
are made. The filter paper is folded in a cone in the usual way, taking 
care to expel air pockets. Instead of placing in a funnel, however, the 
cone is suspended freely in a wire loop, thus eliminating the variables 


* Communicated by the Director. 
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such as design, angle, and stem dimensions of the funnel. It was found 
necessary to prefilter the water used in the test, but when this was done, 
highly reproducible results were obtained. 

The investigation was also extended to include a study of ‘‘sheli 
life” of filter papers. It was found that some papers not only became 
brittle with age, but that decomposition products were formed that 
might contaminate the solutions being filtered. An accelerated aging 
test previously developed for paper generally enabled a satisfactory 
prediction of stability to be made. 

This work has shown significant differences among filter papers 
which, if studied critically, may point the way to future improvements. 
For example, some papers of equal retentiveness differ in speed, and 
hence may yield a clue as to how still faster papers may be made. 

Measurements of the quality of three foreign and two domestic 
brands of analytical filter paper have shown that the American-made 
papers are fully equal to the imported papers. It is anticipated that 
the application of quality standards based on quantitative measure- 
ments will eliminate traditional buying practices and permit free com- 
petition among all suppliers. 


NEW DIAMOND DIE DRILLING METHOD REVOLUTIONIZES INDUSTRY. 


A new, electrical method, for drilling small diamond dies, used in 
drawing and shaping extremely hard and fine wire, has been developed 
at the National Bureau of Standards, eliminating almost 100 man-hours 
from older processes. This discovery has completely revolutionized 
the fine-wire diamond die industry, introducing it into the United States 
for the first time in history. 

Although dies of tungsten, molybdenum, or boron carbide have, in 
recent years, competed with diamond dies, the diamond is still the only 
tool used in shaping the harder and tougher materials, such as chrome 
nickel, brass and phosphor bronze, and high-carbon steel wires. More- 
over, wires finer than 15 thousandths of an inch in diameter can be 
drawn only by diamond dies. In addition, the diamond is indispens- 
able whenever precision of size and perfect roundness are essential con- 
siderations. Important uses for diamond-drawn wire are in radar and 
radio equipment, in high-frequency coil windings, as filaments for small 
tungsten lamps, and in delicate and precise electrical instruments. 
Wires of this type have become increasingly important with the ex- 
pansion of the electronic and allied industries. 

Prior to 1940, the indispensable small diamond dies were imported 
from Europe because labor costs made their manufacture unprofitable in 
this country. During the war, with all supplies from Europe cut off, 
the National Bureau of Standards uadertook an investigation to speed 
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up the manufacturing process and improve the quality of dies to meet 
the emergency requirements for many vital war products. 

A diamond die consists of five surface areas: the primary cone, the 
secondary cone, the reduction cone, the bearing, and the exit cone. In 
appearance such a die is similar to a wine glass. The portion of the die 
where the wire enters, the primary cone, corresponds to the goblet part 
of a wine glass. The narrowing stem from the bottom of the goblet 
to the base of the glass corresponds to the secondary cone, the reduction 
cone, and the bearing. Actual wire shaping takes place at the bearing. 
Finally, the base of the wine glass represents the exit cone. 

The new process, developed by C. G. Peters, Chief of the Interfer- 
ometry Section, and his associates, W. B. Emerson, K. F. Nefflen, F. 
Kk. Harris, and I. L. Cooter, replaces the older mechanical die cutting 
with high-voltage drilling followed by electrolytic drilling. 

The primary cone is drilled by means of high-voltage sparks formed 
at the point of a needle electrode in contact with the face of the diamond. 
These sparks release the energy stored in a condenser which has been 
charged to a high voltage by a transformer. The condenser is charged 
through a “quenched” gap consisting of a number of very small gaps in 
series. 

When rising voltage is applied to the circuit, sparking occurs first 
at the quenched gap. This is followed, as the voltage is increased, by 
a discharge across the face of the diamond between the needle electrode 
and the brass block on which the diamond is mounted. Without the 
quenched gaps in the circuit, the discharge would be a more or less con- 
tinuous arc, overheating the diamond and producing a dark deposit on 
its surface. The rate of drilling increases with the power input into the 
circuit until a limit is reached where the temperature of the diamond is 
too high and its surface takes on a frosty appearance. The drilling 
needle, which is 0.02 inch in diameter, becomes red hot at its tip before 
this ‘‘frosting’’ point is reached and the reddening point of the electrode 
is used as a criterion in adjusting the power input to the circuit. 

The secondary cone is formed by the action of a low-voltage spark in 
an electrolytic solution. The diamond is mounted on an insulating post 
in a shallow glass dish and enough of the electrolyte is used to fill the 
dish and just cover the diamond. The “‘Drilling’’ electrode is a plati- 
num-iridium needle that is lowered into contact with the bottom of the 
primary cone and rests with very light pressure (around one fifth of a 
gram) on the diamond. A second electrode -_— into the solution at 
some distance from the diamond. 

When a low voltage (around 90 volts) is applied between the elec- 
trodes, sparking occurs at the tip of the drilling needle and a smooth- 
walled conical hole is formed in the diamond directly under the needle. 
The shape of the hole and the angle of its walls are controlled by the 
type of electrolyte used, while the hole size is controlled by the pressure 
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of the needle against the diamond. The power input into the circuit is 
controlled by the depth of the solution covering the diamond and by the 
voltage applied. 

The National Bureau of Standards method of making small diamond 
dies consists essentially of ten steps, which combine electrical with some 
mechanical drilling. The die blank which. is used in these operations 
has two plane-parallel faces between which the die will be formed, and 
a side window for viewing the progress of the drilling. These are cut 
on the diamond, using a rotating cast-iron lap with diamond powder as 
an abrasive. The cutting action of the lap is accelerated by the appli- 
cation of a high-voltage electric arc across the face of the diamond being 
cut. 

In the first operation, ten minutes of high-voltage drilling of the 
blank, called spotting, produces a cone 0.014 to 0.020 inches deep that 
serves as a pilot hole for the next operation. This is followed by 30) 
to 40 minutes of mechanical drilling to come out the hole, using dia- 
mond powder in a gelatin solution as the abrasive. Operation three 
is repetition of the first high-voltage drilling and is followed by step four, 
mechanical coning. The final fore-drilling, operation five, should bring 
the bottom of the cone to between 0.006 and 0.008 inches from the back 
surface of the diamond. For exceptionally thick blanks, additional 
drilling and coning may be required. Step six, the final primary coning, 
demands greater care than the other similar operations to assure a sym- 
metrical shape, free from drilling rings, and with either a polished or 
fine matt surface. The diameter of the cone immediately above its 
apex should be between 0.002 and 0.003 inch for good blending of the 
primary and secondary cones. 

Operation seven begins the series of three electrolytic drilling oper- 
ations, using two different solutions—sodium chloride and potassium 
nitrate. The first drilling of the secondary cone utilizes a 5 per cent. 
aqueous solution of sodium chloride. 

Although an electrolyte of potassium nitrate produces a relatively 
long, narrow cone of correct size and shape for the secondary cone, the 
hole drilled using this solution tends to be out of alignment with the 
primary cone if drilling is attempted directly in a primary cone with a 
broad, unpointed, or irregular bottom. Excellent alignment and better 
blending of the primary and secondary cone is obtained using sodium 
chloride, although an additional thirty minutes for this step are needed. 

Drilling the main body of the secondary cone with potassium nitrate 
is similar to operation: seven except that the electrolyte solution ‘s 
stronger and the tip diameter of the drilling electrode is smaller, ranging 
from 0.0010 to 0.0015 inch. After 40 to 45 minutes drilling time the 
drill will have pierced the back face of the die, giving a smooth-bore 
cone with a length of about 0.006 inch and a diameter at the bottom of 
0.0005 to 0.0005 inch. If the initial distance between the bottom o/ 
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the primary cone and the back of the die was greater than 0.005 inch, 
the drilling may not pierce the back of the diamond and an additional 
40 minutes drilling with potassium nitrate, using a resharpened elec- 
trode, is necessary. 

The sharp edge formed at the intersection of the secondary cone and 
the back surface is given a slight countersink in operation nine to pre- 
vent damage when wire is drawn through the die. This countersink 
is made by inverting the die beneath the drilling electrode and drilling 
electrolytically from the back for four or five minutes, using the solution 
of sodium chloride. 

The final step is finishing and polishing, a mechanical operation that 
improves the blend between the primary and secondary cones, improves 
the roundness of the die, and improves the shape and polish of its work- 
ing parts. 

Electric drilling, producing superior dies, takes 7 to 15 hours, de- 
pending on the type of die, with 10 hours as an average for this new 
process. Actual man-hours are considerably less than this, averaging 
about 2 man-hours per die, because almost every stage in the process 
is easily adaptable to multiple production. 

Dies produced by the National Bureau of Standards method have 
better wearing characteristics in service than those produced by purely 
mechanical methods. In mechanically drilled dies, holes are started in 
the top and bottom of the diamond by ‘‘bruting’’ or gouging the face 
of the diamond with a small diamond chip. The hole is drilled through 
the body of the diamond by “‘packing”’ it with a spinning steel needle 
charged with diamond powder, a sort of ‘‘star-drilling’’ process. These 
operations result in severe strains and minute fractures in the walls of 
the die cones, and although the magnitude of the strain resulting from 
mechanical drilling decreases with reduced load on the drilling needle 
and with the size of the diamond powder used, it is still present in most 
mechanically drilled secondary cones. Frequent failure by chipping 
at the intersection of the secondary and exit cones of dies so drilled is 
ascribed to weakening of the material by the mechanical treatment. 
Likewise, rapid wear of some dies at their initial size may be attributed 
to disruption of material, underlying the working surfaces of the dies, 
that has not been removed by sufficient polishing. 

In contrast to the condition found in mechanically drilled dies, cones 
produced by either the high-voltage or the electrolytic drilling process 
show no strain in the surrounding material when examined under polar- 
ized light. The freedom from strain and fractures results in less wear 
as the die is used to draw wires. The electrical methods of die forma- 
tion are therefore particularly adapted for small dies used in drawing 
wires, 0.0015 inch in diameter, or smaller. 

The electric method requires no special skills or long training on the 


428 NATIONAL BUREAU OF STANDARDS NOTES. 


part of operators. Equipment is inexpensive and the drilling technique 
is simple, making the work less tedious and more practical for small as 
well as large scale enterprise. A satisfying development of the National 
Bureau of Standards investigation. is that domestic die makers now 
find it advantageous to produce these small dies that formerly were ob- 
tained only through importation. ; 


NEW PYROMETER FOR GAS TURBINES AND JET ENGINES. 


With the recent development of gas turbines and jet engines as 
practical power plants has come a need for accurate and responsive 
temperature-sensing instruments. Such instruments would serve not 
only for evaluating engine efficiency, but also for protecting experi- 
mental and service equipment from damage by excessive temperature of 
various parts. An improved pyrometer for measuring the temperatures 
of these high-temperature high-velocity gas streams has been devel- 
oped by Andrew I. Dahl in the Bureau’s Temperature Measurements 
Laboratory in cooperation with the Bureau of Ships, Navy Department. 

The new pyrometer consists essentially of an ordinary thermocouple 
junction around which is pressed a small, light, silver shield. The 
junction, made by conventional methods, is inserted one-half inch into 
a silver tube three-fourths inch long that is slightly flattened. A thin 
mica strip is inserted within the silver tube on each side of the junction 
and the assembly is pressed to form a rigid unit with good thermal 
contact between shield and junction. The main problem in measuring 
the temperature of the hot gases is preventing the transfer of heat to 
or from the thermocouple junction by radiation. The shields formerly 
used for this purpose are not only bulky and slow to respond to changes 
in temperature, but also offer considerable obstruction to the stream 
of gas. The use of a silver shield overcomes these limitations since 
silver, being a good reflector and a poor emitter for radiant heat energy, 
keeps the temperature of the shielded junction nearly the same as that 
of the gas. 

The new device was found accurate to within five degrees Fahren- 
heit in experiments utilizing a stream of gas at 1,500 degrees flowing with 
a velocity at 250 feet per second through a pipe with walls at 1,200 de- 
grees. In addition to high accuracy, laboratory tests indicate that this 
pyrometer responds quickly to changes in temperature, is simple to 
construct and easy to install, and that the new junction creates a min- 
imun of disturbance to gas flow. 

The maximum dimension of the shielded junction need not exceed 
the diameter of the porcelain tube used to insulate the thermocouple 
wires from each other. Various types of steel protecting tubes can be 
used to protect the unit without loss of ‘accuracy or sensitivity. Several 
of the new instruments have been constructed and sent to commercial 
turbine manufacturers for service tests in full-scale operating turbines. 


now 


Ss as 
nsive 
» not 
peri- 
re of 
tures 
evel- 
ents 
1ent. 
uple 
The 
into 
thin 
‘tion 
rmal 
ring 
it to 
erly 
nges 
eam 
ince 
rey, 
that 


ren- 
with 
) de- 
this 
2 to 


nin- 


‘eed 
uple 
1 be 
eral 
cial 
nes. 


May, 1047.] NATIONAL BurEAU OF STANDARDS NOTES. 429 


OFFICIAL ANNOUNCEMENT FROM THE NATIONAL BUREAU OF STANDARDS 
REGARDING CHANGES IN ELECTRICAL AND PHOTOMETRIC UNITS. 


By E. U. Connon, Director. 


I General Announcement. 


In pursuance of decisions of the International Committee on Weights 
and Measures, the National Bureau of Standards will introduce as of 
January 1, 1948, revised values of the units of electricity and of light. 
While the definitions of the units and the methods of fixing their mag- 
nitudes will be quite different from those of the present practical systems, 
the changes in magnitude will be so small as to affect appreciably only 
measurements of high precision. In certificates for standards and in- 
struments issued by the Bureau during 1947 values will be given in both 
the old and the new units. 

The electrical units of the “‘international’”’ system will be superseded 
by those of the ‘‘absolute’’ system derived from the fundamental me- 
chanical units of length, mass, and time by use of accepted principles 
of electromagnetism, with the value of the permeability of space taken 
as unity in the centimeter-gram-second system or as 10~’ in the cor- 
responding meter-kilogram-second system. Actually all of the common 
electrical units fall into the mks system. This revision constitutes a 
return to the basic principle, always recognized as desirable, of having 
the electrical units consistent with the fundamental mechanical units. 

The international ohm and volt now in use are slightly larger than 
the corresponding absolute units;, consequently numerical values of 
resistance and voltage are slightly larger when expressed ih absolute 
units than when expressed in international units. In the United States 
the factors recommended for conversion to the absolute basis are 
1.000495 for resistances and 1.00033 for voltages. For power or energy 
therefore the factor is 1.000165, but for most purposes the round value 
1.0002 is amply precise. 

The new system of photometric units takes as the primary standard 
a black-body radiator operated at the temperature of freezing platinum. 
The “candle,” unit of intensity, is defined as one-sixtieth of the in- 
tensity of one square centimeter of such a radiator. Other units are 
derived from the candle, with the provision that when differences of 
color are involved the evaluation shall be made by means of standard 
spectral luminosity factors which have been adopted by the Inter- 
national Commission on Illumination and the International Committee 
on Weights and Measures. For the types of lamps now in common use 
the ratings under this new system will be practically the same as those 
now in effect. 


THE FRANKLIN INSTITUTE. 


MEDAL DAY MEETING. 


WEDNESDAY, APRIL 16, 1947. 


The annual Medal Day exercises at The Franklin Institute began at 6:30 P.M. on the 
evening of Wednesday, April 16. There were approximately 410 members and friends of the 
Institute who attended the dinner and the presentation of the awards. 

A reception in honor of the Medallists and their friends was held prior to the dinner. 
Mr. Guy Marriner, Associate Director of our Music Department, played the National Anthem 
which opened the evening’s programme. 

At 9 o'clock, Mr. Richard T. Nalle, President of The Franklin Institute, opened the exer- 
cises with a few words of greeting to the guests. 

Mr. Nalle then announced that Medal Day was also a Stated Monthly Meeting of The 
Franklin Institute and that minutes of the February meeting were printed in full in the March 
issue of the JouURNAL. Since there were no corrections or additions, the minutes were approved 
as printed. 

The programme and list of Medallists follow. A detailed statement of these exercises 
will be printed in full in a subsequent issue of the JOURNAL. 


PROGRAMME 


Reception to Medallists. ..... Sac Dae Kaas Dw aes kk cat ob oe  MMITTE! 


NATIONAL ANTHEM.... Guy MARRINER 


Dinner MEDALLIsTs, OFFICIALS AND GUESTS 


RICHARD T. NALLE 


Toast to Benjamin Franklin 
President, The Franklin Institute 


RicHAarD T. NALLE 


Greetings. ...... 
President, The Franklin Institut 


Introduction of Medallists of Other Years THE PRESIDEN! 


The Institute in 1947 HENRY BUTLER ALLEN 
Executive Vice-President and Secretary, The Franklin Institute 


Pret Catan ak PPI iso oss hea oe Ba ea ee eee Rs tik Wak Poi THE PRESIDEN! 


a NINN 5 35s ee a a, uo wk dale Vanek Sir ROBERT ROBINSON 


Tae Future of Nacisar PAGS oo 660 66 i a ee PROFESSOR ENRICO FERMI 
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MEDALLISTS. 


Presentation of Certificates of Merit (1882) 
JosePH RAZEK 
Consulting Physicist 
Havertown, Pa. 


PETER J. MULDER 

fraining Director 
Letterkenny Ordnance Depot 
Chambersburg, Pa. 


Presentation of Longstreth Medals (1890) 
SAMUEL BERMAN 
Associate Director 


on the Waugh Laboratories 
of the New York 
‘a HAROLD JOHN WARREN Fay 
achem President 
Submarine Signal Company 
is ener Boston, Massachusetts 
Presentation of Potts Medals (1906) 
of The ROBERT HARRINGTON KENT 
March Associate Director 
proved Ballistics Research Laboratory, 
Aberdeen Proving Ground 
Ercises Aberdeen, Maryland 
VLADIMIR KosMA ZWORYKIN 
Director of Electronic Research, RCA 
Princeton, New Jersey 
MITTEE Presentation of Levy Medals (1923) 
EVERETT MCMULLIN BARBER 
Supervisor 
INES Engineering Research Department 
Beacon Research Laboratory 
 UESTS lexas Co. 
Beacon, New York 
“ee Jay BRENT MALIN 
natitute Mechanical Engineer 
Engineering Research Department 
NALLE Beacon Research Laboratory 
nstitute Texas Co. 
Beacon, New York 
SIDENT 
JosEPH JOHN MIKITA 
Formerly Associate Director of Research 
ALLEN Refining Dept. 
_— Texas Co. 
SIDEN1 Beacon, New York 
Presentation of Henderson Medals (1924) 
aes Lars OLAI GRONDAHL 
~eN Director, Research and Engineering 
Union Switch & Signal Company 
FERMI Swissvale, Pennsylvania 


SEDGWICK NorRTH WIGHT 
Engineer, Train Operation 
General Railway Signal Company 
Rochester, New York 


Presentation of Wetherill Medal (1925) 
KENNETH SEYMOUR MoorHEAD Davipb- 
SON 
Professor 
Stevens Institute of Technology 
Hoboken, New Jersey 


Presentation of Clark Medal (1926) 
EDWARD GEORGE BOYER 
Manager of Gas Dept. 
Philadelphia Electric Co. 
Philadelphia, Pennsylvania 


Presentation of Brown Medal (1938) 
KARL P. BILLNER 
President 
Vacuum Concrete, Inc. 
Philadelphia, Pennsylvania 


Presentation of Clamer Medal (1943) 
EpGar H. Dix, Jr. 
\ssistant Director of Research 
Aluminum Company of America 
New Kensington, Pennsylvania 


Presentation of Newcomen Medal (1943) 
Everett? G. ACKART 
Consulting Engineer 
Wilmington, Delaware 


Presentation of Ballantine Medal (1946) 
GEORGE CLARK SOUTHWORTH 
Waveguide Research Engineer 
Bell Telephone Laboratories 
New York 


Presentation of the Franklin Medal (1914) 
and Certificate of Honorary Membership 
ENRICO FERMI : 
Professor, 
Institute of Nuclear Studies 
The University of Chicago 
Chicago, Illinois 


Presentation of the Franklin Medal (1914) 
and Certificate of Honorary Membership 

Sir ROBERT ROBINSON 

Professor of Chemistry 

Oxford University 

Oxford, England 
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LIBRARY NOTES. 


The Committee on Library desires to add to the collections any technical works that mem- 
bers would wish to contribute. Contributions will be gratefully acknowledged and place: in 
the library. Duplicates received will be transferred to other libraries as gifts of the donor 

Photostat Service. Photostat prints of any material in the collections can be supplied on 
request. Orders received in the morning are filled the same day. The average cost for a prin: 
9 X 14 inches is thirty-five cents. 

The library and reading room are open on Mondays, Tuesdays, Fridays and Saturdays 
from 9 A.M. until 5 p.M., Wednesdays and Thursdays from 2 p.m. until 10 p.m. AFTER June |, 
Mondays, Tuesdays, Wednesdays and Fridays from 9 a.m. to 5 p.M., Thursdays from 2 p. 
to 10 p.M., Saturdays from 9 A.M. to 12 noon. 


RECENT ADDITIONS. 
ARCHITECTURE AND BUILDING. 


ALLEN, J. R., J. H. WALKER, AND J. W. JAMEs. Heating and Air Conditioning. 1946. 


BIOGRAPHIES. 


Bartow, Nora, ed. Charles Darwin and the Voyage of the Beagle. 1946. 


CHEMISTRY. 


Bonn, Horatio, ed. Fire and the Air War. 1946. 

DIscERENS, Louts. Die Neuesten Fortschritte in der Anwendung der Farbstoffe Volume | 
1946. 

ENGELDER, CARL. Fundamentals of Semi-Micro Qualitative Analysis. 1947. 

Hawk, P. B., B. L. OsER, AND W. SUMMERSON. Practical Physiological Chemistry. Twell/t! 
edition. 1947. 

Hirscu, Irvinc. Manufacturing of Whiskey, Brandy and Cordials. 1937. 

PicGMAN, W. W., AND M. L. WoL_rrom. Advances in Carbohydrate Chemistry. Volum 
1946. 

SADTLER, SAMUEL S. Chemistry of Familiar Things. Eighth edition. 1946. 

TEXTILE CHEMICAL SPECIALTY GUIDE. 1946-47. 

Yor, JoHN H., AND A. BURGER. German for Chemists. 1946. 


DICTIONARIES. 
BENNETT, HARRY, ed. Concise Dictionary and Technical Dictionary. 1947. 
ULRICH, CAROLYN F., ed. Periodical Dictionary Fifth edition. 1947. 
ELECTRICAL ENGINEERING. 


BaTcHER, R. R., AND WILLIAM Mautic. The Electronic Engineering Handbook. 
BaTCHER, R. R., AND WiLitAM Mautic. The Electronic Control Handbook. 1946. 


GAFFERT, GusTtTaF A. Steam Power Stations. 1946. 
s 


ENGINEERING. 
E.Luis, DouGLAS STEWART. Elements of Hvdraulic Engineering. 1947. 
MATHEMATICS. 


Knopp, KonrAD. Theory of Functions Volumes 1 and 2. 1945. 
TayLor, JAMES Henry. Vector Analysis with an Introduction to Tensor Analysis. 1940. 


MECHANICAL ENGINEERING. 


BEGEMAN, Myron Louis. Manufacturing Process. 1947. 
JupGe, ArtHUR W. Maintenance of High Speed Diesel Engines. Third edition. 1°40 
ScHWAMB, P., AND OTHERS. Elements of Mechanism. Sixth edition. 1947. 
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METALLURGY. 
DAESEN, JOHN R. Galvanizing Handbook. 1946. 
MILITARY ENGINEERING. 

Hicks, JAMES E. Nathan Starr. (The First Official Sword Maker.) 1940. 

OPTICS. 
Poul, ROBERT WicHARD. Einfuhring in die Optik. 1943. 

PHARMACY AND PUBLIC HEALTH. 

Powers, J. L., AND G. E. Crossen. Scouilles, the Art of Compounding. 1946. 

PHYSICS. 


Cork, JAMES M. Radioactivity and Nuclear Physics. 1946. 
SWIETOSLAWSKI, W. Microcalorimetry. 1946. 


SANITARY ENGINEERING. 
Cox, CHARLES R. Laboratory of Water Purification. 1946. 
SCIENCE 
STOKLEY, JAMES. Science Remakes Our World. 1946. ¢ 
SUGAR. 
Hann, R., AND N. K. RicHTMEYER, ed. Collected Papers of C. S. Hudson. 1946. 
TEXTILES. 


Rose, H. WicKLirFeE. The Rayon and Synthetic Fiber Industry of Japan. 1946. 
Watson, WILLIAM. Textile Design and Colourist. Fifth edition. 1946. 


NOTES FROM THE BIOCHEMICAL RESEARCH FOUNDATION. 


The Blood Picture of Normal Laboratory Animals.' A Review of 
the Literature, 1936-1946.— Mary VIRGINIA GARDNER. 


THE HAMSTER. 


Few hematological studies have been reported on the hamster. 
This may be attributable in part to the difficulty experienced in obtain- 
ing blood from the tiny ears or short stumpy tail in — sufficient 
for routine examination. 

Method of Obtaining Blood.—Tail blood, obtained adler ether anes- 
thesia, was used by Stein and Carrier (1). Blood from the saphenous 
vein or from the jugular vein of etherized animals was studied by Hu 
and Pai (2). Aftér several unsuccessful attempts to obtain sufficient 
quantities of tail blood, Stewart, Florio and Mugrage (3) used blood 
obtained by cardiac puncture from hamsters under anesthesia induced 
by ethyl chloride and maintained by ether. 

Erythrocytes—The red blood cell of the hamster was described by 
Stewart, Florio and Mugrage (3) as a biconcave disc which took an acid 

TABLE I. ° 


Erythrocytes. 


| Erythrocytes XK 10¢/cmm. 
Age of | No. and Sex | Reported | 


Hamsters of Hamsters 


| Average 


Range 


5.03-5.08 Stein (1 
Stein (4 
5.36-6.69 Stein (1 
Stewart (3 
Stewart (3 
6.40-7.55 Stein (1) 
7.84-8.01 Stein (1 
8.16-9.29 Stein (1 
9.06-9.22 Stein (1 
Stewart (3 


20 days 2M 


| 


= 


21 days 
33-34 days 
1-2 months 
1-2 months 
40-43 days 
47-50 days 
57-62 days 
85-100 days 
2-4 months 
2-4 months Stewart (3 
40-226 days M . Stein (4 

9 months or more | 24 M+F af Stewart (3 
adult 10 é. Hu (2) 


lac a a a lt 3 | 


—ee 
—_ 
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Nb 


stain. Few basophilic erythrocytes and only occasional nucleated forms 
were found by them. Variable reticulocyte counts were found by Sten 


and Jacobson (4). 
The average erythrocyte levels reported for different ages are shown 


in Table I. 


1 Continued from page 258, Vol. 243, No. 3. 
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The mean diameter of the erythrocytes of male and female hamsters 
of 1 to more than 9 months of age was shown by Stewart, Florio and 
Mugrage (3) to range between 6.2 and 7.0u. The erythrocytes of 
young animals were found by Stein and Jacobson (4) to be slightly 
larger in diameter than those of older animals. 

Hemoglobin.—The reported average values for hemoglobin concen- 
tration in the blood of hamsters of various ages are shown in Table IT. 


TABLE II. 
Hemoglobin. 
Hemoglobin g./100 cc. 
Age of No. and Sex | ‘erties thod ted | 
vieaastere of Hameters | | Method Reported by; 
Average Range 
36-37 days 4M 17.04 | Newcomer Stein (1 
47-50 days 3M 18.3 Newcomer | Stein (1 
1-2 months 12M 16.4 Klett-Sahli | Stewart (3 
i-2 months 11 F 16.9 Kiett-Sahli | Stewart (3) 
66-70 days 5M 18.94 Newcomer | Stein (1) 
2-4 months 25M A | Klett-Sahli | Stewart (3 
2-4 months 22 F 16.4 =| | Klett-Sahli | Stewart (3 
108-131 days SM _ 15.65 | Newcomer Stein (1) 
9 months or more | 24 M+F 17.6 | Klett-Sahli | Stewart (3) 
adult M 20.6 | — | Stein (4) 
TABLE III. 
Leukocytes. 
Leukocytes | pees 
ies a i aie | per c.mm. Cells per 100 Leukocytes | 
Hamsters | Sex of | Reported by 
| Hamsters | j l l 
| Average) Range | Neut. Eo. | Lymph. Mono. | Other 
!-2 months 12M | 7,470} — ‘| 21.4| 0.38] 75.7 | 1.1_ | 1.44 | Stewart (3 
1-2 months 11F | 8,210 | 23.4 | 0.63) 75.1 | 0.85 | — Stewart (3 
2-4 months 25M _ | 8,150 32.0 | 0.81) 65.8 | 1.4 — | Stewart (3 
2-4 months 22F | 7,870 | 34.2} 1.0 | 63.0 | 1.8 — | Stewart (3 
9 months or more | 24M+F) 8,560 29.0 | 0.68} 67.9 | 2.43 — | Stewart (3) 
(|supravital staining 
i ht pe ape 10 8.3 (blasts)} Hu (2 
adult 10 10,070 | 
May Griinwald-Giemsa stain | 
| 16 | 2.8 | 81.2 ee — | Hu (2) 


White Blood. Cells—Lymphocytes of various ages, ranging from 
very immature blast forms to the small adult type, were found by Hu 
and Pai (2) in supravitally stained preparations. The cytoplasm of the 
lymphocyte was found by them to become increasingly clear, the mito- 
chondria to become finer, and the neutral red bodies more numerous 
an the cells became older. The lymphocyte of fixed and stained smears 
was described by Stewart, Florio and Mugrage (3) as small with a dense. 
deep blue nucleus and a narrow, light blue zone of cytoplasm which con- 
tained occasional azurophilic granules. The monocyte was found to be 
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large, with clear, bright blue cytoplasm and a slightly indented, kidney- 
shaped nucleus, which contained stringy chromatin. A rosette of neu- 
tral red bodies was found by Hu and Pai (2) at the indentation of the 
nucleus in supravitally stained preparations. 

The neutrophil of normal hamsters was shown by Hu and Pai (2) 
to contain usually a figure 8 ora U-shaped nucleus, less commonly a ring- 
shaped or lobulated nucleus. Basophils were not reported in any of the 
investigations reviewed here, but typical eosinophils, containing large, 
bright red granules, were described by Stewart, Florio and Mugrage (3). 

The reported average leukocyte values are shown in Table II]. 

Hematocrit.—The volume of packed red cells in the blood of the male 
hamster was found by Stein and Carrier (1) to vary with age, ranging 
from 47.5 per cent. at 33-34 days to 53.2 per cent. at 108-131 days. 
The hematocrit. of 23 hamsters of both sexes was found to average 47.5 
per cent. at 1-2 months of age and that of 24 animals to average 47.4 
per cent. at more than 9 months of age by Stewart, Florio and Mugrage 
(3). 

No values for blood volume, sedimentation rate, coagulation time, 
specific gravity or platelet number were found in the literature. 

Blood studies on the hamster were not included in Scarborough's 
review (5). 


(To be continued) 
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BOOK REVIEWS. 


PHOTOGRAPHY BY INFRARED, by Walter Clark. Second edition. 272 pages, illustrations, 

14 X 22 cms. New York, John Wiley & Sons, Inc., 1946. Price $6.00. 

The range of wave lengths which can be recorded by photography in the invisible infrared 
is about twice as great as the range which the eye can see. It is, however, but a small fraction 
of the whole range of the infrared, and a still smaller part of the gamut of known radiations. 
here are a number of factors which interfere with the preparation and handling of photographic 
materials sensitive to Jong wave lengths, so that it appears that progress in infrared photog- 
raphy beyond the present limit must be very slow. Infrared photography with the ease of 
ordinary photography is a relatively new subject and only the fringe of its usefulness has been 
touched. _ It has been surrounded with all the glamor and charms which the vivid imagination 
of the popular press is capable of bestowing. It has emerged from it as a proved useful weapon 
for the practical photographer and the investigator in the fields of science and technology. 
Further study cannot fail to find new uses for it. 

It is the purpose of this book to survey what has been done up to the time of writing and 
to consider in detail the practical methods and underlying principles, a knowledge of which 
should aid in the proper application of the subject to the solution of new problems. Now in 
its second edition, the material has been revised to include many recent developments and ap- 
plications. The starting point of the book is a chapter summary of the chief points to be borne 
in mind in the use of the infrared for general photographic purposes. The detailed treatment 
follows progressing through photographic dark room practice, characteristics of photographic 
materials, sensitizing for the infrared, the Herschel Effect, sources of infrared radiation, and 
examination and differentiation of materials by infrared. Chapters on the application of this 
type of photography include medicine, botany and palaeontology, photomicrography, camou- 
flage detection, and penetration of radiation through the atmosphere, fog and haze. The last 
chapter is devoted to optical characteristics of materials in the infrared. There is a name and 
subject index. 

A great number of references is cited in this work. It is an up-to-date exposition of 
knowledge of the subject presented in a not too technical and useful way. Those interested in 
this subject would do well to have it within reach. 


ELECTRICAL TRANSMISSION IN STEADY StaTE, by Paul J. Selgin. 427 pages, drawings, 14-« 

22 cms. New York, McGraw-Hill Book Company, Inc., 1946. Price $5.00. 

The author states in the preface of this book that it aims primarily at broadening and 
strengthening the foundations for a superstructure of technological knowledge which the reader 
may be about to acquire or may have acquired through the exercise of his profession. As such 
it presumes a basic knowledge beforehand, that which has become second nature through con- 
stant reference, for example the concepts of elementary alternating current theory and the 
average mathematical preparation. It therefore avoids these and likewise excludes a working 
knowledge of vector analysis as would be applied in the general solution of dynamic field prob- 
lems in three dimensions. 

The book starts by introducing the four terminal network as a circuit element and gives 
attention to the study of chain connected networks, the conclusions of which find an immediate 
and useful application in the study of the transmission line where the problem of establishing 
the overall performance of a matched line is reduced to the determination of the line dissipation 
factors and characteristic frequency. Next, distortion in transmission lines is taken up, and 
reflection at the terminals of networks and lines which derives fundamental equations governing 
the performance of a network or line when the load impedance has a generic value. This leads 
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into a consideration of the transmitted power, or the power absorbed by the load. In trea: 
on the behavior of electrically long lines having small dissipation it is shown that the peculii; 
behavior of mismatched lines can sometimes be used to advantage. 

Following sections are devoted to the problem of coupling a generator to its load so as 
obtain the highest flow of power, and the matching of a line to its terminations. A brief revic, 
of the electromagnetic theory is then given relating to static fields, followed by a treatment 
‘Maxwell's equations and their application to circuit elements devoted chiefly to the applicati 
of the laws of electromagnetism to lumped systems. This leads to coverage of exponenti:! 
lines wherein there is considered the application of field laws to the plane-field structure. [he 
latter portion of the book is devoted to inductive coupling and transformers and capacitive 
coupling, an application of the four pole theory to the vacuum tube, and the flow of pow 
through high frequency amplifiers. In the back of the book is a bibliography of references 
covering fields bordering upon the subject matter of the book. A subject index completes | 
work. 

Being of the nature of a review progressing to new viewpoints with many different ic 
this book should have usefulness to practicing engineers. 

R. H. OppeERMANN. 


PUBLICATIONS RECEIVED. 


Directory of Libraries and Information Sources in Philadelphia and Vicinity, edited | 
Catharine C. Grady for the Special Libraries Council of Philadelphia and Vicinity. 130 pages 
13 X 19 cms. Philadelphia, Special Libraries Council of Philadelphia and Vicinity, 1947 
Price $1.75. 

The Technology of Adhesives, by John Delmonte. 516 pages, drawings and illustration- 
15 X 23 cms. New York, Reinhold Publishing Corporation, 1947. Price $8.00. nece 

Russian-English Technical and Chemical Dictionary, by Ludmilla Ignatiev Callah 
749 pages, 14 X 20 cms. New York; John Wiley & Sons, Inc., London: Chapman & H 
Limited, 1947. Price $10.00. 

The Chemistry of Portland Cement, by Robert Herman Bogue. 572 pages, tables, d: 
ings and illustrations, 15 K 24 cms. New York, Reinhold Publishing Corporation, 1°+7. 
Price $10.00. 

Toward Better Photography, by Vincent McGarrett. 260 pages, illustrations, 14 
cms. Boston, American Photographic Publishing Co., 1947. Price $3.00. 

The Rare-Earth Elements and Their Compounds, by Don M. Yost, Horace Russell, 
and Clifford S. Garner. 92 pages, drawings and tables. New York; John Wiley & Sons, | 
London; Chapman & Hall, Limited, 1947. Price $2.50. 

Tungsten, by K. C. Li and Chung Yu Wang. Second editién. 430 pages, tables and i! 
trations, 15 X 24 cms. American Chemical Society Monograph No. 94. New York, R 
hold Publishing Corporation, 1947. Price $8.50. 
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